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Abstract 

' We find an interpretation of the complex of variational calculus in terms of the Lie conformal 

algebra cohomology theory. This leads to a better understanding of both theories. In par- 
ticular, we give an explicit construction of the Lie conformal algebra cohomology complex, 
and endow it with a structure of a g-complex. On the other hand, we give an explicit con- 
struction of the complex of variational calculus in terms of skew-symmetric poly-differential 
operators. 
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Dedicated to Corrado De Concini on his 60-th birthday. 



^ . Introduction. 

, Lie conformal algebras encode the properties of operator product expansions in conformal field 

OO ' theory, and, at the same time, of local Poisson brackets in the theory of integrable evolution 

equations. 

Recall [K] that a Lie conformal algebra over a field F is an F[9]-module A, endowed with a 
' X-bracket, that is an F- linear map A iSi A ^ ¥[X] ® A denoted hy a b [axb], satisfying the 

■ two sesquilinearity properties 



(0.1) [daxb] = -X[axb] , [axdb] = {8 + X)[axb] 



■ such that the skew-symmetry 

(0.2) [axb] = -[b.Q.xa] 

and the Jacobi identity 

(0.3) [oaI^m'^]] - [^m[«ac]] = [[axb]x+tic\ 

hold for any a,b,c (z A. It is assumed in (j0.2p that d is moved to the left. 

A module over a Lie conformal algebra A is an F[5]-module M, endowed with a X-action, 
that is an F- linear map A ® M — > F[A] ® M, denoted by a (8) 6 —> 0^6, such that sesquilinearity 
(faTH holds for a G A, 6 G M and Jacobi identity ([03]) holds for a,b & A, c€ M. 

A cohomology theory for Lie conformal algebras was developed in |BKVj . Given a Lie 
conformal algebra A and an ^-module M, one first defines the basic cohomology complex 
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V{A,M) = Efcez+r'^i where r'^ consists of F-linear maps 7 : A®'^ F[Ai,...,Afc] (g) M, 
satisfying certain sesquilinearity and skew-symmetry properties, and endows this complex with 
a differential 5 : F'^ — > T^~^^, such that 6"^ = 0. This complex is isomorphic to the Lie al- 
gebra cohomology complex for the annihilation Lie algebra 0_ of A with coefficients in the 
g_-module M [BKV] Theorem 6.1]. 

Next, one endows r*(^, M) with a structure of a F[9]-module, such that d commutes with 5, 
which allows one to define the reduced cohomology complex r*(^, M) = T*(A, M) / dT* (A, M), 
and this is the Lie conformal algebra cohomology complex, introduced in [BKV]. 

Our first contribution to this theory is a more explicit construction of the reduced cohomol- 
ogy complex. Namely, we introduce a new cohomology complex C*{A,M) = ®k£i+C^ ■, where 
C° = M/dM, = Hom]F[a](^,M), and for k > 2, consists of poly A-brackets, namely 
of F-linear maps c : A^^ — > F[Ai, • • • , Xk-i] ® M, satisfying certain sesquilinearity and skew- 
symmetry conditions, and we endow C*{A,M) with a square zero differential d. We construct 
embeddings of complexes: 

(0.4) T'{A, M) c C'[A, M) c C'{A, M) , 

where C*{A, M) consists of cocycles which vanish if one of the arguments is a torsion element 
of A. In fact, = C^^ unless k = 1. 

We show that T*(A,M) = C*{A, M), provided that, as an F[5]-module, A is isomorphic to 
a direct sum of its torsion and a free F[9]-module (which is always the case if ^ is a finitely 
generated F[5]-module). Our opinion is that the slightly larger complex C'{A,M) is a more 
correct Lie conformal algebra cohomology complex than the complex T*{A, M) of [BKV]. This is 
illustrated by our Theorem 3.1(c), which says that the F[9]-split abelian extensions of A by M 
are parameterized by H'^{A,M) for the complex C'{A, M). This holds for the cohomology 
theory of [BKVj only if A is a free F[(9]-module. 

Following [BKVj . we also consider the superspace of basic chains T,{A,M) and its sub- 
space of reduced chains T,{A,M) (they are not complexes in general). Corresponding to the 
embeddings of complexes ()0.4p . we introduce the vector superspaces of chains C,{A,M) and 
C,{A, M), and the maps: 

(0.5) C,{A,M) ^C,{A,M) ^r,{A,M). 

We develop the theory further in the important for the calculus of variations case, when the 
^-module M is endowed with a commutative associative product, such that d and ax for all 
a (z A are derivations of this product. In this case one can endow the superspace T*(A, M) with 
a commutative associative product [BKVj . Furthermore, we introduce a Lie algebra bracket on 
the space g := nFi(74, M) (11, as usual, stands for reversing of the parity). Let g = ?7g©0©Ff?^ 
be a Z-graded Lie superalgebra extension of g, where rj is an odd indeterminate, rj^ = 0. 
We endow T*{A,M) with a structure of a Q-complex, which is a Z-grading preserving Lie 
superalgebra homomorphism ip -.q —f Endp F*(^, Af ), such that (/j(5^) = 6. We also show that 
(/9(g) lies in the subalgebra of derivations of the superalgebra T'(A,M). For each X € g we 
thus have the Lie derivative Lx = vi^) and the contraction operator lx = ipirjX), satisfying 
all usual relations, in particular, the Cartan formula Lx = i^x^ + ^i-x- 

Denoting by g^ the centralizer of 5 in g, we obtain the induced structure of a g^-complex 
for T*{A, M), which we, furthermore, extend to the larger complex C*{A, M). Namely, we 
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introduce a canonical Lie algebra bracket on all spaces of l-chains with reversed parity (see 
(jO.Sp ). so that all the maps IICi HCi nFi ^ nFi are Lie algebra homomorphisms, and 
the embeddings (j0.4p are morphisms of complexes, endowed with a corresponding Lie algebra 
structure. 

What does it all have to do with the calculus of variations? In order to explain this, introduce 
the notion of an algebra of dijferentiable functions (in i variables). This is a differential algebra, 
i.e., a unital commutative associative algebra V with a derivation d, endowed with commuting 
derivations i € / = {!,...,£}, n e such that only a finite number of -^^y are 

non-zero for each / G V, and the following commutation rules with d hold: 



(0.6) 



r>9 



du 



in)' 



du] 



d 

(the RHS is if n = 0) 



(n-l) 



The most important example is the algebra of differential polynomials F[n^"'^|i £ I, n G 

Z+] with d{u[^^) = u\"'~^^\ n G i G I. Other examples include any localization by a 
multiplicative subset or any algebraic extension of this algebra. 

The basic de Rham complex Q' = il.*{V) over V is defined as an exterior superalgebra 
over the free V-module Q,^ = Yliei nGZ+ "l^'^'"!"^ on generators Su[^^ with odd parity. We have: 
^* = 0fcGZ+ where 17° = V, il'^ = Ay 17^. This Z-graded superalgebra is endowed by an 
odd derivation 5 of degree 1, such that 6f = Xlie/ nez+ 

^<5uf ^ for / G 0° and ^(JuJ"^) = 0. 

One easily checks that 5^ = 0, so that $7* is a cohomology complex. 
Let g be the Lie algebra of derivations of the algebra V of the form 

(0.7) X= Yl Pi^n-^, where G V . 

iei,n&+ 9u^ 

To any such derivation X we associate an even derivation Lx (Lie derivative) and an odd deriva- 
tion Lx (contraction) of the superalgebra J7* by letting Lx\y = X, Lx{Suf^^) = 6Pi^n, ^xlv = 
0, ix(5^i"^) = Pi,n- This provides 17* with a structure of a g-complex, by letting ip{X) = Lx 
and ^{rjX) = lx- Also, the derivation d extends to an (even) derivation of 17* by letting 

diSuf"^) = du^-^'l 

It is easy to check, using ()0.6p . that d and 5 commute, hence we can consider the reduced 
complex 

n'{v) = n'{v)/dn'{v), 

which is called the variational complex. This is, of course, a g^-complex. 

Our main observation is the interpretation of the variational complex J7*(V) in terms of Lie 
conformal algebra cohomology, given by Theorem 0.1 below. 

Let R = 0-gjF[9]«j be a free F[9]-module of rank i, endowed with the trivial A-bracket 
[a\b] = for all a,b R. Let V be an algebra of differentiable functions. We endow V with the 
structure of an i?-module by letting 
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and extending to R by sesquilinearity. Let g be the Lie algebra of derivations of V of the form 
()0.7p . and let be the subalgebra of g, consisting of derivations commuting with d. 



Theorem 0.1. The -complexes C'{R,V) and i}'{V) are isomorphic. 

As a result, we obtain the following interpretation of the complex 17* (V), which explains 
the name "calculus of variations". 

We have: = V/dV, = Homip[g](i?, V) = V®^. Elements of are cahed local function- 
al and the image of / G V in 17" is denoted by / / . Elements of fi^ are called local 1-forms. The 

differential 6 : fi*^ — > is identified with the variational derivative: (5/ / = ( ) =3^5 

V / iei 

where 

(0.8) ^=y: 



5ui ^ fi'iS^'^ 

Furthermore, the space of 2-cochains is identified with the space of skew-adjoint dif- 
ferential operators by associating to the A-bracket {• a ■} : -R®^ ^^[A] (X" V the £ x i matrix 
Sij{d) = {ujgUi}^, where the arrow means that d is moved to the right. The differential 
5 : — > is expressed in terms of the Frechet derivative 

(0.9) DHdh = TTli^d'' ^ i^^el, 

which defines an F-linear map: — > V®^. Namely: dF = Dp{d) — Dp{d)*. The subspace of 
closed 2-cochains in is identified with the space of symplectic differential operators. 

A 2-cochain, which is a skew-adjoint differential operator Sij{d), can be identified with the 
corresponding F-linear map 

(V^)2 ^ v/aV, of "differential type", given by 



siP,Q) = I Y^QiSimPj 



Skew-adjointness of S translates to the skew-symmetry condition S{P,Q) = —S{Q,P). 

More generally, the space of fc-cochains C'^ for > 2 is identified with the space of all 
skew-symmetric F-linear maps S : (V^)'^ — > V/dV, of "differential type": 

S{P\---,P') = I Yl ' where i^-X'^eV. 

ii,--- ,ifee/ 
ni,--- ,nj.GZ+ 

The skew-symmetry condition is simply S{P^, ■ ■ ■ , P^) = sign(cj)5(P'^*'"^^ , • ■ ■ > P'^'-*^-'), for every 
a € Sk- The subspace of closed fc-cochains for A; > 2 is the subspace of "symplectic" k — 1- 
differential operators. 

We prove in |BDKj that the cohomology of the complex 0*(V) is zero for j > 1 and 
= C/{C n dV), where C := {/ G V| -^Vi e I,n e Z+}, provided that V is normal, as 

defined in Section 14.61 (Any algebra of differentiable functions can be included in a normal 
one.) As a corollary, we obtain (cf. [D]) that Ker ^ = dV + C, and F e Im ^ iff Dp{d) is a 
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self-adjoint differential operator, provided that V is normal. The first result can be found in [D] 
(see also [Di] and [Vi], where it is proved under stronger conditions on V), but it is certainly 
much older. The second result, at least under stronger conditions on V, goes back to [H], [V] . 
We also obtain the classification of symplectic differential operators (cf. [D]) and of symplectic 
poly-differential operators for normal V, which seems to be a new result. 

Thus, the interaction between the Lie conformal algebra cohomology and the variational 
calculus has led to progress in both theories. On the one hand, the variational calculus moti- 
vated some of our constructions in the Lie conformal algebra cohomology. On the other hand, 
the Lie conformal algebra cohomology interpretation of the variational complex has led to a 
better understanding of this complex and to a classification of symplectic and poly-symplectic 
differential operators. 

The ground field is an arbitrary field F of characteristic 0. 

1 Lie conformal algebra cohomology complexes. 

1.1 The basic cohomology complex T* and the reduced cohomology complex F*. 

Let us review, following |BKVj . the definition of the basic and reduced cohomology complexes 
associated to a Lie conformal algebra A and an A- module M. A k-cochain of A with coefficients 
in M is an F-linear map 

~. ^¥[Xi,...,Xk]^ M , ai®---®afc^7Ai,-,Afc(ai,--- ,«fc), 
satisfying the following two conditions: 
Al. 7Ai,-,Afc(ai, • • • ,dai,--- ,ak) = -Ai7Ai,... (oi, • • • ,ak) for ah i, 

A2. 7 is skew-symmetric with respect to simultaneous permutations of the Oj's and the Aj's. 

Remark 1.1. Note that condition Al. implies that 7ai,- - ,Afc (oii 
elements is a torsion element of the F[9]-module A. 

We let r'^ = r''{A,M) be the space of all fc-cochains, and T* 
differential 5 of a /c-cochain 7 is defined by the following formula 

fc+1 . 

(1.1) ((57)Ai,...,Afe+i(ai,--- ,afc+i) = V(-l)'+^aiA,(7 i (ai, • • a^+i) ) 

^_-|^ ^ Ai,---,Afe+i / 

+ ^ II (ai, afc+i,[aiA,aj]). 

i<j 

One checks that 6 maps 

pfc to r^+i, and that 6^ = 0. The Z-graded space T*(A,M) with the 
differential 5 is called the basic cohomology complex associated to A and M. 
Define the structure of an F[9]-module on T' by letting 

(1.2) (57)ai,.. ,a, (ai, • • • , afc) = (5^'^ + Ai + • • • + A^) (7A,,.. ,a, (ai, • • • , a^)) , 

where d^'^ denotes the action of d on M. One checks that 6 and d commute, and therefore 
dT* C r* is a subcomplex. We can consider the reduced cohomology complex r'{A,M) = 



■ ■ ■ ,ak) is zero if one of the 
= r'(yl,Af) = efc>of^ The 
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V{A,M)/dV{A,M) = 0^g^^r'=(^,M). For example, = M/d^M, and we denote, as 

in the calculus of variations, by j m the image of m € M in M/d^'^M. As before we let, for 
brevity, V = V[A,M) and = T^{A,M), keZ+. 

In the following sections we will find a simpler construction of the reduced cohomology 
complex r*, in terms of poly A-brackets. 

1.2 Poly A-brackets. Let A and M be F[5]-modules, and, as before, denote by 5*^ the action 
of d on M. For k > 1, a k-X-bracket on A with coefficients in M is, by definition, an F-linear 
map c : A'^'^ F[Ai, . . . , Afc_i] (g) M, denoted by 

ai (g) • • • afc 1-^ {aix^ ■ ■ ■ afe-iA^,_-^afc}c , 
satisfying the following conditions: 
Bl. {aix^ ■ ■ ■ {dai)x^ ■ ■ ■ ak-ix^_^ak}c = -Xi{aix^ ■ ■ ■ ak-ix^_^ak}c, for 1 < i < /c - 1; 

B2. {aiAi ■ • • "fc-iAfe_i(^'^fc)}c = (Ai H h Afc + d'^'^){aix^ ■ ■ ■ ak^ix^_^ak}c] 

B3. c is skew-symmetric with respect to simultaneous permutations of the Oj's and the Aj's in 
the sense that, for every permutation a of the indices {1, . . . , A;}, we have: 

{aiA, • • • afc„iA^_^afc}e = sign(a){a,(i)^^^^^ • • • a,(,,_i)^^^^_^^a,(fc)}, |^^^^^ . 

The notation in the RHS means that A^ is replaced by A|. = — X]j=i — , if it occurs, 
and d^^ is moved to the left. 

Remark 1.2. A structure of a Lie conformal algebra on ^ is a 2-A-bracket on A with coefficients 
in A, satisfying the Jacobi identity (j0.3|) . 

We let C° = M/d^^M and, for /c > 1, we denote by C'' = C^(A,M) the space of ah 
A;- A-brackets on A with coefficients in M. For example, is the space of all F[(9]-module 
homomorphisms c : j4 — > M. We let C* = 0^^^^ C^, the space of all poly X-brackets. 

We also define C' = 0^^^+ C'', where (7° = C° = M/d^^M, and & C is the subspace 
of A;- A-brackets c with the following additional property: {ai^^ • • • afc-i^^. ^'^/t}c is zero if one of 
the elements Oj is a torsion element in A. Clearly, needs not be equal to C^. On the other 
hand, it is easy to check, using the sesquilinearity conditions Bl. and B2., that & = for 
A; > 2. 

1.3 The complex of poly A-brackets. We next define a differential d on the space C* of 
poly A-brackets such that d{C^) C (7^^"^ and dP = 0, thus making C* a cohomology complex. 

For Jm ^ = M/d^ M, we let dfm^C^ be the following F[5]-module homomorphism: 

(1.3) {dfm){a) ( = {a}^r) := a_QMm. 
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This is well defined since, if m € M, the RHS is zero due to sesquilinearity. For c G C^, 
with k > 1, we let dc G be the following poly A-bracket: 

k . 
1=1 



ij=l 
Kj 



k 



i=l 



where, as before, = — Sj=i Aj — 5*^, and is moved to the left. 
For example, for an F[5]-module homomorphism c : A ^ M, we have 

(1.5) {axbjdc = axc{h) - h^x^ac{a) - c{[axh]) . 

Proposition 1.3. (a) For c G C^, we have d{c) G C^+^ and d^{c) = 0. This makes {C*,d) 
a cohomology complex. 

(h) d{&) C C^~^^ for all k>0. Hence {C*,d) is a cohomology subcomplex of {C',d). 

Proof. We prove part (b) first. For k > 1 there is nothing to prove. For k = just notice that, 
if /m G M/d^^M and ae A is a torsion element, then, by ()1.3p . we have [df mj{a) = 0, since 
torsion elements of A act trivially in any module [K]. Hence djm & . In order to prove part 
(a) we have to check that, if c G C'^, then dc, defined by (II. Sh and (jl.4p . satisfies conditions 
Bl., B2., B3., and d{dc) = 0. To simplify the arguments, we rewrite equation (|1.4p in a more 
concise form: 

/^•+^ . i 
^ i=l 

fc+1 . • \ 

(1-6) +^(-l)'=+'+^+i{ai,, afc+i,^^Ja.,,a,]} J 



i,j=l 
i<j 



where the RHS is evaluated at A^+i = A^_|_-^ = —Yl'j=i^j ~ with acting from the 
left. The above equation should be interpreted by saying that, in the first term in the RHS, 
for i = fc + 1, the last index Afc does not appear in the poly A-bracket. Let us replace at 
by doh in equation (jl.6p . It is not hard to check, using conditions Bl. and B2. for c and 
the sesquilinearity of the A-action of A on M, that, for 1 < h < k, each term in the RHS 
of (11. 6p gets multiplied by — A^, while, for h = k + 1, each term in the RHS of (11. 6p gets 
multiplied by — A|.^^ = J2^=i + Hence dc satisfies conditions Bl. and B2. In order to 
prove condition B3., let cr be a permutation of the set {l,---,fc+l}. A basic observation is 

that, if we first replace Xa{k+i) by A^^^_|_-|^^ = — Ai— • • • — A^+i — d , and then we replace 



7 



as a result Ao.(A:+i) stays unchanged. Notice, moreover, 

i a-{i) 

that, for 1 < i < k + 1, • '■ ■,a{k + 1)} is a permutation of {1, ■"■ ■ ,k + 1}, and its sign is 

(— l)*+'^(*)sign((7). Hence, using the assumption B3. on c, we get 



(1.7) 



y{k) 



^k+i—>i 



a{i) 



sign(cr)(-l)''+'^Wa^^.^^^^^^|a^^^ ••• aux^ak+i] ^ 



« 3 



Similarly, for the second term in (11. 6p . we notice that {a{l), ■,a{k + 1)} is a permuta- 

a-{i)cr(j) 

tion of {1, A; + 1}, and its sign is (— l)*+-'+'^W+°"(-')sign((T) if a{i) < cr{j), and it is 

(_l)i+i+'^(i)+<^{i)+isign(cr) if > a{j). Hence, for ^(i) < a{j) we have 



(1.8) {a. 



<j{i)(T{j) 

= sign(a)(-l)^+^+'^W+'^(^){au, -r. .:. a,+u^^ Ja,(,)^^^^^a,(,.)]}^ 
while for a{i) > a{j) we have, by the skew-symmetry of the A-bracket in A, 



^CT(fe + l) 



(1.9) =sign(a)(-l) 



{oiAi 



(7(j)o-(i) 



Afc+l-Aj.^;^ 



)]}. 



Afc+l-A|.^;^ 



sign(a)(-l)*+^+'^W+-(^){au, •••••• a, 



In the last identity we used the assumption that c satisfies condition B2. Clearly, equations 
(jl.7p . (jl.8p and (jl.Op . together with the definition (jl.6|) of dc, imply that dc satisfies condition 
B3. We are left to prove that (Pc = 0. We have, by (|1.6p . 



k+2 



fc+2 



(1.10) 



^ j 



+ ^(-l)'=+^+^{au, •••••• afc+2A,^Jau,a,]},^ 



i,j=l 
Kj 



Afe+2-Aj._,.2 



where, in the RHS, we replace Xk+2 by X\_^2 ~ ~ Si=i ~ ^'^^ ^ moved to the left. 

Again by (jl.6p and by sesquilinearity of the A-action of A on M, the first term in the RHS of 
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(fTTO]) is 



\ i,j=l 

k+2 . ■ ^ 

i,j,h=l 
i<j 



where is +1 if i < j and —1 if i > j. Similarly, by p.4p the second term in the RHS of 

(fTTO]) is 

E (-l)'"'^+^+'+'e(/i,^)e(/^,J>hA,{«iA, ■■'■ak+2x,Ja^Ka,]}^ 

i,j,h=l 
i<j 

k+2 . ■ 

(1-12) + Z^(-l)*^^[«iA,aj];,^+;,^,{ai^^ •••••• afc+i;,^^^afc+2}^ 

fc+2 

+ {-iy^'^''^''e{p,i)e{p,j)e{q,i)e{q,j) 

i,j,p,q=l 
i<j,P<g 
{i,j}n{p,q}=d 

p q i j 

X [aixi afc+2A,+2[aiA,ai]A,+A,[apAp«9]}c 

fc+2 h ' \ 

+ E (-l)'+*+^'+'e(/i,i)e(/i,i){au, •^••?-'-afc+2A,^Ja,,Ja,,^a,]]}J 



i,j,h=l 
i<j 



>'k+2—^k+2 



Notice that the first term in is the negative of the second term in (|1.12|) . and the second 

term in is the negative of the first term in (jl.l2p . Moreover, it is not hard to check, 

using the Jacobi identity for the A-bracket on A, that the last tern in (jl.l2p is identically zero, 
and, using the skew-symmetry condition B3. on c, that also the third term in (jl.l2p is zero. In 
conclusion, (Pc = 0, as we wanted. □ 

In the next section we shall embed the cohomology complex T*, introduced in Section 1.1, 
in the cohomology complex C*, and we shall prove that, if the F[(9]-module A decomposes as 
a direct sum of the torsion and a free submodule, then this embedding is an isomorphism. 
We believe that the (slightly) bigger cohomology complex C* is a more natural and a more 
correct definition for the Lie conformal algebra cohomolgy complex. This will be clear when 
interpreting in Section [2] the cohomology H{C',d) in terms of abelian Lie conformal algebra 
extensions of A by the module M. 
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1.4 Isomorphism of the cohomology complexes F* and C. We define, for /c > 1, an F- 

linear map 

. pfc ^ (jk^ follows. Given 7 G T^, we define ^''(7) : A^'' F[Ai, . . . , Afc_i] ® 

M, by: 

(1-13) i'^iAi •••afc-iAfc_iafc}v.'^{7) =7Ai,...,Afc_i,A]:.(°^i''" '"fc)' 

where, as before, A], = — J2^=i -^j ~ "5*^' moved to the left. 

Lemma 1.4. f'aj For 7 G f^, we /ia?;e ^^^(7) G C''^. 

f^J H^e have Ker (ip'') = dV^ . Hence ^ip^ induces an injective ¥-linear map ip^ : = 
pfc/gpfc ^Qk ^fjk_ 

(c) Suppose that the Lie conformal algebra A decomposes, as ¥[d]-module, as 
(1.14) A = T®{¥[d]®U) , 

where T is the torsion of A and A = ¥[d] ® U is a complementary free submodule. Then 
^fc^pfc^ _ ^k^ hence if)^ induces a bijective ¥ -linear map ip'^ : ^ . 

Proof. Let 7 G T*^, and consider c = tp^l^). We want to prove that c G &. It is clear that 
c satisfies conditions Bl. and B2. Let us check that it also satisfies condition B3. Let a be 
a permutation of the set {1,... and let i = a{k). Since 7 satisfies the skew-symmetry 
condition A2., we have 

(1.15) =sign(CT)7 t ... A, ("I'-- - 

If we then replace Xk by A|., as prescribed by condition B3., we get 

(1.16) a| ^ -Ai- • ? • -Xk-i -xl- a*^ = Xi . 

Therefore the RHS of (jl.lSp becomes sign((T){aiAi • • • ak-iXf._-^CLk}c, as required. It is also clear 
that c vanishes on the torsion of A, thanks to Remark 11.1^ so that c G C^. This proves part 
(a). 

By the definition (jl.2|) of the action of 9 on L*^, and the definition (jl.lSp of we have 

{aixi ■ ■ ■ ak-ix^_-^ak}^kQ^ = (^T')ai,- - ,Afc_i,A[,("i' ' ' ' = ^' 

since — Ai — • • • — Xk-i — A[ — d^^ = 0. Hence ^r*^ C Ker (tp^). For the opposite inclusion, let 
7 G Ker [ip^ ) . Namely, 

T^Ai,..,A,_i,At(«l'--- = 0- 

By Taylor expanding in A|. — A^, we have 

°° 1 d^ 
(1-17) E^(-^-^''r;n^T^A„...,A.(«i,--- = 0, 

It. 

n=0 ^ 
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where A = Yl)=i ^j- We denote by {) : A'^'' ^ F[Ai, . . . , Afc] (g) M the fohowing F-hnear map 

n=l ^ 

Equation (jl.lTp can then be rewritten as 

(1-18) 7Ai,...,Afc(ai,--- ,ak) = (<9*^ + Ai H h Xk)'&\i,- ^i^^i, ■ ■ ■ ,ak) ■ 

It follows from equation (jl.lSp that i? satisfies conditions Al. and A2., since 7 does. Hence 
■(? € r'^. Equation (jl.l8|) then implies that 7 = (9i9 G dV^ , thus proving (b). 

Assume next that A decomposes as in (11.14p . We need to prove that, for c G we can 
find 7 € r'^ such that 

(1.19) ^^'(7) = c. 

Such a /c-cochain can be constructed as follows. For ui, . . . , € U , we let 
(1-20) 7Ai.-.Afc(^i' • • • '^fc) = {^Ia A+aM ■■■Uk-i, _A+aM_Uk]c-, 

^ k ^ ^ k 

where A = Yli=o we extend it to {¥[d] (8 U^^^ by the sesquilinearity condition Al., 

and to A^^ letting it zero if one of the arguments is in the torsion T. We need to check that 7 
satisfies conditions Al., A2. and (|1.19|) . Condition Al. is obvious. It suffices to check condition 
A2. for elements ai = Ui & U, i = 1, . . . ,k. Let o" be a permutation of the indices {1, . . . , k}. 
We have, 

(1-21) 7A„(i),-,A^(fe)(^ia(l), ■ • • >'"cr(fc)) = {^^<t(1)^ A+aM ■ ■ ■ ner(fc-l) ^ A+flAf U^(k)}c ■ 

(t(1) ^ a{k — l) 

We then observe that 

i=l 

Hence, since c satisfies the skew-symmetry condition B3., the RHS of ()1.2ip is equal to 

sign(cr){ui A+eM_---Ufc_i a+bm Uk}c = sign{a)^Xi,- ,Xk('^i^ "' ^^k) ■ 
-^1 k — ^k-i — 

Finally, we prove that (|1.19p holds. We have, for ui, . . . , Uk G U, 

(1-22) {^lAi •••^^fc-lAfe_i^fcV{7) =T'Ai,-,Afe_i,At(^l''" '""fc)- 

Note that, if we replace A^ by A|,, A + d^^ becomes 0. Hence, by the definition (jl.20p of 7, the 
RHS of (jl.22p is equal to {uiXj ■ ■ 'Uk-ix^ ^^^fc}c- This proves that ()1.19p holds for elements of 
U. Clearly both sides of (jl.l9p are zero if one of the elements is in T. Since both and 
c satisfy the sesquilinearity conditions Bl. and B2., we conclude that (jl.l9p holds for every 
Oj G A. □ 
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Theorem 1.5. The identity map on M/dM and the maps ip^, k > 1, induce an embedding 
of cohomology complexes T* ^ C' . If, moreover, the Lie conformal algebra A decomposes, as 
¥[d]-module, in a direct sum of a free module and the torsion, this map is an isomorphism of 
complexes: V C* . 

Proof. By Lemma 11.41 we already know that iJj^ factors through an injective F-hnear map 
^fc . pfc <^ (jk^ gj^^ that, if A decomposes as in ()1.14p . this map is bijective. Hence, in order to 
prove the theorem, we only have to prove that the following diagrams are commutative: 



(1.23) 



^1 



M/d^'^M- 



V/c > 1. 



First, given Jm € M/d^^M, we have ((5m)^(a) = a\m, so that [^l)^5rn){a) = a_QMm = 
{djrn){a), namely the first diagram in (jl.23p is indeed commutative. Next, given A: > 1, let 
7 G be a representative of 7 S T*^. We need to prove that 



(1.24) dip^i^) = V''=+^(<57). 

From (II. 4p and (ll.lSh . we have 

{aiAi • • • (^k\^ak+i}dipf'{^) 
k . 

= '^i-'^y~^^aix,{aix:, afcAfcOfc+i}^fe(~) + (-l)''afc+i;^t_^^{aiAi • ■ ■ ak-ix^.^^^k} ^k^--^ 



i=l 



i<j 



fc + 1 



(1.25) + J](-l)'{aiAi ■■■ akx^[aix,ak+i]}^k^~^ 

i=l 

k . 
i^l Ai,-,Afc,A^^^ fe+i 



i<j 
k 



i j 



i=l 



(ai, • • •,afc, [aiAiflfc+i]) 



In the last equality we used the sesquilinearity of the A- action of A on M. Clearly, the RHS of 
(jl.25p is the same as {aiai ' ' ' '^k\f,0'k+i}^k+n^f,^). This proves equation (jl.24p and the theorem. 

□ 
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1.5 Exterior multiplication on T*. To complete the section, we review the definition 
of the wedge product on the basic Lie conformal algebra cohomology complex T'(A,M) (cf. 
|BKVj ). We assume that A is a Lie conformal algebra and M is an A-module endowed with 
a commutative, associative product such that 5^"^ : M — > M, and a^^ : M ^ F[A] (8) M, are 
(ordinary) derivations of this product. 

Consider the basic Lie conformal algebra cohomology complex T'(A,M) introduced in Sec- 
tion 11.11 Given two cochains a G and /3 G F^, we define their exterior multiplication 
5 A /5 € r^'~^^ by the following formula: 

(1.26) (5 A/3)Ai,...,Aft+fe(ai,--- ,ah+k) 

Esign(o-)_ ~ 

where the sum is over the set Sh+k of all permutations of {1, . . . , /i + fc}. 

Proposition 1.6. (a) The exterior multiplication (jl.26p makes T* into a Z-graded commu- 
tative associative superalgebra, generated by L*^ F^, M = F'^ being an even subalgebra. 

(b) The operator d, acting on F* by p.2p . is an even derivation of the superalgebra V* . 

(c) The differential 5, defined by (jl.ip . is an odd derivation of the superalgebra F*. 

Proof. Parts (a) and (b) are straightforward. For part (c), we will need the following simple 
combinatorial lemma. 

Lemma 1.7. Let S = {xi, • • • , xtv+i} be an ordered set of N -\- 1 elements. Let e be the order 
preserving bijective map {!,••• , + 1} ^ S, given by e{i) = Xj. It induces a bijective map 
between the set of all permutations a of S, and the set of all bijective maps r : {1, • • • , A^ + 1} — > 
S, given bya^T = cToe. We then define the sign of t = a o e as sign(r) := sign((T). 

Let s, t € {1, • • • , + 1}, and let £s ■ {1, • ' ' ; ^} ~^ {^ii ' ~ ',xj\f+i}, be the order preserving 
bijective map. There is a bijective map between the set of all permutations a of S such that 

cr(xs) = Xt, and the set of all bijective maps t : {1, • • • ,N} — > {xi, • • •, xtv+i}, given by 
a ^ T = a o Eg. Moreover, if t = a o e^, we have sign(r) = (— l)*+*sign((T). 

Proof. The statement of the lemma is obvious if s = t = 1. In the general case, we just 
notice that there is a natural bijection between the set of all permutations cr of S such that 
a{xs) = Xt, and the set of all permutations a' of S such that a{xi) = xi, given by u i— >■ u' = 
(xi, X2, • ■ ■ ,xt) o (J o {xs, ■ ■ ■ ,X2,xi), so that sign((7') = (-l)^+*sign((T). □ 

Going back to the proof of Proposition 11.61 we have, from (jl.ip . 
(5(5 A ^))ai,- ,A;,+fe+i(ai, • ■ ■ , au+k+i) 

h+k+l 

(1.27) = (-ir+'«*A.((5A^) . (ai, 

^— ' V Ai.---.A^^ 



h+k+l 



, . , Ih+k+l, 



+ E (-l)'+'+*+''+'(5A/3) {au■'■■■■■,aH+k+lAa^xM)■ 



13 



Consider the first term in the RHS of (jl.27p . As in Lemma 11.71 we can identify the set of ah 

i ^ * 

permutations of {1, ■,h + k + 1}, with the set % of bijective maps r : {1, • • • ,h + k}^{l,-'- 
,h + k + l}. Hence, by (jl.26p . we have 

~ i 

(1.28) {a A (3) i (ai, • • •,a/,+fc+i) 

-^l>---i-^h + fc+l 

_ ^-^ sign(T)^ ( \a I \ 

~ 1^ hlkl ■ ■ ■ ''^T(h)jPA,(fe+i),-,A,(h+fe)lar(h+l),--- ,ar{h+k))- 



Similarly, we can identify the set of all permutations of {l,----^-,/i + A: + l,/i + A: + 2}, and the 

i j 

set T^j^''^'^ of all bijective maps f : {1, • • • ,h + k} ^ {l,-"- ■,h + k + l,h + k + 2}. Hence, 
by (|1 26p . we have 

^ ~ * 

(1.29) (a A /3) ,j (ai,---- ■ ^Oh+fc+iJaiA^Oj]) 

= X] \\^\ ' ■ ■ '«T(/i))^Ay(h+i),-,A?(;,+fc)(a?(/i+i)r-- ,a?:(,,+fc)), 

where, in the RHS, we have to replace = -^i + Aj and = \aix.aj\. In particular, 

if T E T^^^^"^ is such that r(s) = /i + A; + 2, with 1 < s < /i, we can use the skew-symmetry 
condition A2. on 5 to get 

aA:pn),---,A?(h)(a?(i),- ■ ■ ,a?(fc)) = (-1) 5, , , , (a?(i)> ' • a?(/i) Joj^.ttj]) , 

-^T{i)r"i^?{/i)i-^i+'\j 

and similarly, if/i+l<s</i + /c, we have 

/5Ay(h+l),-,Ay(h+fe)(a?(/i+l), • • • ,ar(fc+fc)) 

h k ^ S 

Moreover, by Lemma 11.71 we then identify the set of elements r € T-^^^^^ such that r(s) = 

h + k + 2, with the set 7^ j of all bijective maps r : {!,••• , /i + A; — 1} — > {1, • ' •• • •, /i + /c + 1}. 
The corresponding relation among the signs is sign(r) = sign(T)(— 1)'^"'''^"'"*. We can therefore 
rewrite equation (jl.29p as follows 

^ ~ * J 

(1.30) (aA/3) ,j (ai, • [aiA,aj]) 

Ai+A. 



, ^xfcv^ sign(r)_ , , 

(-1) 2^ 2^ ,,,, QA,(i),-,A,(;,_i)A+A,(«r(i)r-- ,ar(fe-i)aaa,QjJj 



X/3A,(h),-,A,{h+fe_i)(«r(h), • • • ,a^(/i+fc-l)) 



/i+A; 

E 

s=h-\-\ T£Ti^j 



^ sign(r)^ 
+ 2^ 2^ «A,(i),-,A,(^)(ar(i),--- ,Or(h)j 



^^A,(h+l),-,A,(ft+fc_i),A,+Aj(«r(/i+l)>- • • ,a^(fe+fc_l), [aiA.fli]) 
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Combining (fTTTl) . ([1:28]) and (fL30]) we get 
(1.31) (,5(5a/3))a,,.. 

'^"'"'^'''^ signfr) 



^/3A,(h+l),-,A,(h+fc)(«T(h+l), ■ • • ,aT(h+fc))) 



X/ 

'^^'^^^ signfr) 

x/3A,(^,...,A,(^+;,_i)(a^(fc), • • • ,ar(h+k-i)) 

h+k+l . , ^ 

i<j 

On the other hand, by p.l|) and p.26|) we have 
(1.32) ((55) A/?)ai,.. 

^ sign(o-) / f ' \ 

^/5A„{h+2),---,A,(h+fc+i)(aCT(/i+2), • ■ ■ , aa(h+fc+l)) 

sign(a) 

•^1 (/i + l)!A;!^ ^ 

Kj 

By Lemma ll.7|, we can identify the set of all permutations a such that a{i) = s, with the set 

Tg of all bijective maps r : {1, • • • , + A;} {1, — •, /i + /c + 1}, and the relation among the 
corresponding signs is signr = (— l)*"^^sign((T). Hence, the first term in the RHS of p.32p can 
be rewritten as follows 



h+l h+k+l 



(h + iy.ki 

1=1 s=l t€Ts ^ ' 



X/?A,(h+l),-,A,(h+fc)(ar(h+l), • ■ ■ ,«r{h+fc)) • 



Similarly, applying twice Lemma 11.7] we can identify the set of all permutations a such that 
a{i) = s and a{j) = t, with the set T^^t of all bijective maps r : {1, • • • , h + k — 1} ^ {1, ■ ~ ■ , h + 
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k + 1}, and the relation among the corresponding signs is sign(T) = {—iy^^~^^~^^e{s,t)sign{a), 
where, as in the proof of Proposition 11.31 we let e(s,t) be +1 if s < t and —1 if s > t. Hence, 
the second term in the RHS of (jl.32p becomes 

h+i h+k+1 signfr) 

i,j = l s,t=l reTs^t ^ '' ' 

i<j sj^t 

X/5A,{h),- ,Kih+k-l) («r(fc)> ■ ■ ■ : Or(/i+fe-l)) • 

By skew-symmetry of the A-bracket and the sesquilinearity condition Al. for 5, the above 
expression can be rewritten as 

h+l h+k+1 . , . 

i,j = l S,t = l TdTs^t ^ ' 

i<j s<t 

(1-34) ><(^K(h),- ,K(h+k-i) ("r(h), • • • , a^(h+k-i)) ■ 

Combining equations (|1.32|) . (|1.33|) and p.34|) . we then get 

(1.35)(((5a) A/3)Ai,...,A;,+fc+i(ai,-- - 

h+k+l . I ^ 

Ev-^ sign(r) . ,^„,i , 



s = l reTs 

></5A,(fe+i),-,A,{h+fc)(«r(h+l), ■ • • ,a^(h+fc)) 

^^^^^ signfr) 

-^Y Y "^llfc!^ (-l)^"^'^*^^"A,(i),...,A,(^,i),A.+At(Qr(l),--- ,«r(fe-l), {asxM) 



X/3A,(fe),-,A,(,,+fc_i)(Or(h), ■ ■ ■ ,ar(/i+fc-l)) • 

With a similar computation we also get 
(1.36) (5a(5/5))ai,.. 



=1 rer. 



XOsA, (/3A,(h+l),- ,A,(h+fe) (ar(h+l), • • • , Or 



/i+fc+1 



+(-1)"^ E E ^(-l)'^^^^'^^5.^.),-,A.(.)K(i),---,a.(.)) 



^/^A,(h+i),--,A,(h+fe-l),As+At(aT(fe+l)) • • • ,ar(/i+fc-l)! [osA.at]) • 
Part (c) follows from equations p.3ip . p.35p and (|1.36p . □ 
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2 Cohomology and extenstions 



In this section we interpret the chomology of the complex {C*,d) in terms of extensions of the 
Lie conformal algebra A and its modules. 

We start by reviewing the notions of extensions of a module over a Lie conformal algebra 
and of a Lie conformal algebra. Let A be a Lie conformal algebra and let M, N be 74-modules. 
We denote by d^^ and 9^ the F[9]-module structure on M and respectively, and by a*'^ and 

the A-action of a € A on M and N respectively. An extension of M by N is, by definition, 
an j4-module E together with a short exact sequence of A-modules 

We can fix a splitting E = M (B N as F-vector spaces. This space is an ^-module extension of 
M by A/" if it is endowed with: 

1. an endomorphism of M (B N, such that O^In = d'^ and d^m — d^'^m E N for every 
m G M, which makes M (B N into an F[9]-module; 

2. a A-action of A on M®N such that a^\N = for every a £ A and afm—af^m G F[A](8'-/V 
for every a G A and m € M, which makes M (B N into an j4-module. 

In this setting, two structures of j4-module extensions E and E' on M © N are isomorphic if 
there is an ^-module isomorphism a : E ^ E' such that a\i\f = 1^ and cj(m) — m £ N for 
every m € M. An extension E is sp/ii if it is isomorphic to M © as an A-module, and it is 
said to be ¥[d]-split if it is isomorphic to M© A'^ as an F[9]-module, namely if we can chose the 
F-vector space splitting E = M ®N such that = d^^ © . 

We can also talk about extensions of a Lie conformal algebra. Let A, B be two Lie conformal 
algebras, and assume that the F[0]-module B is endowed with a structure of an A-module. We 
denote by d"^ and the F[9]-module structure on A and B respectively, and by [■ \ and 
[• A •]'^ the A-brackets on A and B respectively. An extension of A by S is, by definition, a Lie 
conformal algebra E together with a short exact sequence of Lie conformal algebras 

Q^B^E^A^Q. 

In other words, if we fix a splitting E = A @ B as F-vector spaces, the structure of a Lie 
conformal algebra extension on E consists of: 

1. an endomorphism of A©i?, such that d^\B = and a — d^a G B for every a £ A, 
which makes A® B into an F[5]-module, 

2. a A-bracket o\i A® B such that [-a'J^Is = ['A']'^, [oa^]^ = a,\b for every a £ A and 
b £ B, and [a^a']'^ — [caci']^ G F[A] (8) B for every a, a' G A, which makes A® B into a Lie 
conformal algebra. 

As before, two structures of Lie conformal algebra extensions E and E' on A(BB are isomorphic 
if there is a Lie conformal algebra isomorphism a : E ^ E' such that a\B = I_b and a{a)—a G B 
for every a € A. E is a split extension if it isomorphic, as a Lie conformal algebra, to the semi- 
direct sum of A and B, and it is said to be ¥[d]-split if it is isomorphic to A(BB as an F[9]-module, 
namely if we can chose the F-vector space splitting E = A®B such that = (B . 
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We next review the construction of the module Chom(M, N) of conformal homomorphisms 
[K]. a conformal homomorphism from the F[5]-module M to the F[(?]-module is an F-hnear 
map ipx: M ^ ¥[X] N such that 

We denote by Chom(M, N) the space of all conformal homomorphisms from AI to N. It has 
the structure of an F [3] -module given by 

If, moreover, M and N are modules over the Lie conformal algebra A, then Chom(M, A^) has 
the structure of an A-module, given by 

/ \ N M 

[a\(p)f, = ax o (p^_x - if^-x o a-x ■ 

In the following theorem, we denote by H*{A,M) = H''{A,M) the cohomology of 

the complex (C*, d) associated to the Lie conformal algebra A and the yl- module M (see Section 

[QD. 

Theorem 2.1. (a) H^{A,M) is naturally identified with the set of isomorphism classes of 
extensions of¥, considered as A-module with trivial action of d and trivial X-action of A, 
by the A-module M . 

(b) (A, C]iom{M , N)) is naturally identified with the set of isomorphism classes of ¥[d]- 
split extensions of the A-module M by the A-module N . 

(c) H'^{A,M) is naturally identified with the set of isomorphism classes of ¥[d]-split exten- 
sions of the Lie conformal algebra A by the A-module M , viewed as a Lie conformal 
algebra with the zero X-bracket. 

Proof. By definition, H^{A,M) consists of elements J m € M/d^^ M in the kernel of d, namely 
such that a_QMm = for every a ^ A. In other words, 

(2.1) H^{A, M) = {m G M I a_gMm = , Ma A] /d^'^M . 

On the other hand, as discussed above, a structure of an A-module extension of F by M on the 
space M®¥ is uniquely defined by an element d^l = m & M such that ajfm € [d^'^ -\-X)¥[X](B)M 
(or, equivalently, such that a_QMm = 0) for every a € M. Indeed, the corresponding A-action 
of a^l G M[A], is then uniquely defined by the equation {d^ + A)(a|'l) = a^^m, imposed 
by sesquilinearity. It is immediate to check that this construction makes E = M ®¥ into 
an A-module. Furthermore, let m, m' & M be such that a_QMm = a_QMm' = for every 
a € A, and consider the corresponding structures of A-module extensions E and on M © F. 
An isomorphism of A-module extensions cr : E ^ E' \s completely defined by an element 
o"(l) — 1 = n E M, such that d^a{l) = a{d^ 1), or, equivalently, m = m' + dn. Hence, m and 
m' correspond to isomorphic extensions if and only if they differ by an element of dM. This 
proves part (a). 
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By definition, C^(^, Chom(M, A^)) is the space of F[9]-linear maps c : A ^ Chom(M, N). 
It can be identified, letting c{a)\{m) = a'^m, with the space of F-linear maps A^M — > F[A]® A^, 
satisfying the fohowing sesquihnearity conditions (for a (z A, m M): 

(2.2) {da)lm = -Xalm , al{dm) = (A + d^){alm) . 

The equation dc = for c to be closed can then be rewritten, recalling (jl.4p and using the 
above notation, as follows (a, 6 € A, m G M): 

(2.3) a^(6» + alih'^^m) - (aim) - h^iafm) - [a^b]l^^m = . 

Notice that, if (p\ G Chom(M, N), then ipQ is an F[5]-linear map from M to N , and conversely, 
any F[9]-linear map ip : M ^ N can be thought of as an element of Chom(Af , A^) which is 
independent of A. It follows that any element in d{C^ {A, Cliom{AI , N))) , when written in the 
above notation, is of the form 

(2.4) ajf'^^m = a^ip{m) - f{ajfm) , 

for an F [9] -linear map (p : M ^ N. In conclusion, 
(2.5) 

H\A, Chom(M, iV)) = |c : A^M ^ F[A] N ([22]) - ([23]) hold} / |c of the form ([23]) | . 

On the other hand, as discussed at the beginning of the section, a structure of F[9]-split exten- 
sion £^ of M by on the space M © A^ is uniquely determined by the elements afm — ajfm =: 
a^m G F[A] N, and the requirement that £^ = M © A'^ is an A-module exactly says that 
a^m satisfies conditions (12. 2p and ()2.3p . Furthermore, let E and E' be two such extensions, 
associated to the closed elements c and c' respectively. An isomorphism a : E ^ E' is uniquely 
determined by the elements a{m) — m =: ip{m) G A^. The condition that a commutes with the 
action oi d = d^'^ © , i.e. a{d^^m) = {d^^ © d^)a{m), is equivalent to ip{d'^m) = ip{m), 
namely : M ^ A^ is an F[3]-linear map. The condition that a commutes with the A-action 
of A, i.e. a{a^m) = (y{m)^ is equivalent to 

a^jn + ip{a^m) = a'\m + ip{rn) , 

which means that c and c' differ by an exact element. This proves part (b). 

We are left to prove part (c). The space C^(^,M) consists of F-linear maps c : 
F[A] ® M, denoted by a (8) 6 i-^ {a\b}c, satisfying the conditions of sesquihnearity 

(2.6) {daxh}, = -\{axh}, , {axdh}^ = {\ + d^"){axh}, , 
and skew-symmetry 

(2.7) {h\a}c = -{a^x-dMb}c- 

Recalling the definition (jl.4p of d and using the skew-symmetry of the A-bracket on A, the 
equation dc = for c to be closed can be written as follows: 

(2.8) a\{h^z}c - h^{axz}c + z^^-^^d^' {a\h}c 
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for every a,b,z G A. Recall that C^{A,M) consists of F[9]-linear maps : ^ — > M. Hence 
exact elements c = dip are of the form 

(2.9) {a\h}dip = axLp{b) - b_x-oMip{a) - ip{[axb]) . 
We thus have 

(2.10) f2(A,M) = |c : ^ F[A] (8)M 

Once we fix an F[9]-splitting E = M (BA, an "abelian" extension E of the Lie conformal algebra 
A by the ^-module M is determined by a A-bracket [• a -j^ : (M A)^"^ F[A] (g) (M © A), 
satisfying the axioms of a Lie conformal algebra, and such that [mxm']^ = for m,m' G M, 
[axm]^ = axm for a G A and m e M, and [axb]^ - [axb] G F[A] (g) M. Let 

{axb}c := [axbf - [axb] G F[A] M . 

It is not hard to check that the axioms of sesquilinearity, skew-symmetry and Jacobi identity for 
[•A become equations (j2.6p . (j2.7p and (12. Sp respectively. Namely [-a -j^ defines a structure 
of Lie conformal algebra extension on E if and only if c is a closed element of C^^A, M). Let 
E and E' be two such extensions, associated to the closed elements c and c' respectively. An 
isomorphism a : E ^ E' \s uniquely determined by the elements cr(a) — a =: (p{a) G M. It 
is easy to check that a commutes with the action of d = © d"^ if and only if ip{da) = 
d^^ip{a), namely 99 : A ^ Af is an F[(?]-linear map. Finally, a defines a Lie conformal algebra 
isomorphism, i.e. a {[axbf] = [a{a)xa{b)f, if and only if 

{axb}c + V'iiO'Xb]) = {axb}c' + ax^fib) - b_x-dM'~p{a) , 

which means that c and c' differ by an exact element. □ 

Remark 2.2. Part (a) of Theorem l2.1l is the same statement as jBKV[ Theorem 3.1-2]. Part (b) is 
equivalent to [BKVl Theorem 3.1-3]. This is due to Theorem 1 1.5 1 and the fact that Chom(M, N) 
is free as an F[a]-module, hence C"(^, Chom(M, A^)) = C'*(^, Chom(M, A^)). However, pTVl 
Theorem 3.1-4] is false, unless A is free as an F[(9]-module. Part (c) of Theorem 12.11 is the 
corrected version of it. This lends some support to our opinion that the cohomology complex 
(C*, d) is a more correct definition of a Lie conformal algebra cohomology complex. Moreover, 
as it appears from the proof of Theorem 12. 11 the identification of the cohomology of the complex 
(C* , d) with the extensions of Lie conformal algebras and their representations is more direct 
and natural than for the complex (r*,(^). 

Example 2.3. Consider the center less Virasoro Lie conformal algebra Vir*^ = F[5]L, with A- 
bracket given by [LxL]° = {d + 2X)L. We have C^{Yir°,¥) = Fa, where a : Vir° ^ F[A] 
is determined by a{L) = 1, and C2(Vir°,F) = Fa © F^S, where a,p : Vir°®^ F[A] are 
determined by {LxL}ct = A and {La-L}/3 = A'^. In particular da = 2a. Therefore H'^(Viv^ ,¥) 
is one-dimensional, meaning that, up to isomorphism, there is a unique 1-dimensional central 
extension of Vir°, namely Vir = ¥[d]L © ¥F, with C central and [LxL] = {d + 2A)L + §C. 
Note that, since Vir'^ is free as F[9]-module, this is the same answer that we get if we consider 
the cohomology complex T* ~ C". 
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On the other hand, we have C"^(Vir,F) = Fa © F6 where a, b : Vir F are determined by 
a{L) = 1, a{C) = 0, b{L) = 0, 6(C) = 1, which is strictly bigger than C^(ViT,¥) = Fa. The 
2-cochains are as before: C^(Vir,F) = Fa © F/3, with a and /3 determined by {LxL}a = A 
and {LxL}is = X^. In particular da = 2a and db = j^P- Therefore i/^(Vir,F) = 0, which 
corresponds to the fact that there are no non-trivial 1-dimensional central extensions of Vir. 
On the contrary, the second cohomology of the complex T* ~ C* is one-dimensional. 

Remark 2.4. Since = for 7^ 1, the corresponding cohomologies H"'{C*) and H"'{C') 
are isomorphic unless n = 1 or 2. In particular, it follows from [BKVl Theorem 7.1], that for 
the complex C'(Vir,F) we have: ff"(Vir,F) = F forn = or 3, and iJ"(Vir,F) = otherwise. 

3 The space of fc-chains, contractions and Lie derivatives 

3.1 g-complexes. Recall that a cohomology complex is a Z-graded vector space B', endowed 
with an endomorphism d, such that d{B^) C B^^^ and d"^ = 0. We view B* as a vector 
superspace, where elements of B'' have the same parity as k in Z/2Z, so that d is an odd 
operator. 

Let g be a Lie algebra, and let 3 = 770 © g © F9^, where r] is odd such that r/^ = 0, be 
the associated Z- graded Lie superalgebra. A q- structure on the complex B* is a Z- grading 
preserving Lie algebra homomorphism 

93 : ^ End B' , 

such that (p{drj) = d. A complex with a given g-structure is called a Q-complex. 

Given X G g, the operator ix = fiv-^) ^* is called the contraction, and the operator 
Lx = fi^) is called the Lie derivative (along X). Note that we have Cartan's formula 

(3.1) Lx = [d,Lx] , 
and the commutation relations 

(3.2) [d,Lx]=0, [tx,'-y]=0, [Lx, iy] = [i^x, Ly] = i[x,Y] ^ [Lx, Ly] = L[x,y] ■ 

Remark 3.1. In order to construct a g-structure on a complex {B*,d), it suffices to construct 
commuting odd operators lx on B*, depending linearly on X, such that lx{B^) C B^~^, and 

(3.3) [[d,ix],ty]=i[x,y]^^^,Y ^9- 

Indeed, if we define Lx by (j3.ip . all commutation relations (13. 2p hold. 

Let d be an endomorphism of the complex {B*, d), i.e. such that d{B'^) C B^ and [d, d] = 0. 

Let 

g^ = {X &Q[[ix,d]=Q] eg. 

Notice that [Lx,9] = for all X € g^. It follows that g^ is a Lie subalgebra of g, and that 
{dB*,d) is a subcomplex of {B*,d) with a g^-structure. The corresponding quotient complex 

{B-/dB\d), 

has an induced g^-structure, and it is called the reduced q^- complex. 
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A morphism of a g-complex {B*, ip) to an f)-complex [C is a Lie algebra homomorphism 
TT : ^ and a Z-grading preserving linear map p : B* — > C, such that 

for all b € i?* and 5 G 0, where vr is extended to a Lie superalgebra homomorphism g — > f) by 
letting 7r{r]X) = T/vr(X) and 7r(0^) = 5,^. Such a morphism is an isomorphism if both tt and p 
are isomorphisms. 

3.2 The basic and reduced spaces of chains F, and F,. The definitions of the basic 
and reduced spaces of A:-chains are obtained, following |BKVj . by dualizing, respectively, the 
definitions of the spaces F'^ and F'^ introduced in Section 11.11 In particular, the basic space 
Tk{A, M) of k-chains of the Lie conformal algebra A with coefficients in the A-module M is, by 
definition, the quotient of the space 74®'^(8)Hom(F[Ai, . . . , Xk],M), where Hom(F[Ai, . . . , Afc], M) 
is the space of F-linear maps from F[Ai, . . . , A^] to M, by the following relations: 

CI. ai (g) • • • (?ai • • • (g) afc (/> = -ai (g) ■ ■ ■ Uk <S> (A*(/)), where X*(p £ Hom(F[Ai, . . . , Xk],M) is 
defined by 

(3.4) (KmiM, ■ ■ ■ , Xk)) = H>^^f{X^, • • • , Afc)) ; 

C2. Og-^i) ■ ■ ■ ao-(fc) (X> io'*4>) = sign(cr)ai • • • 1^, for every permutation a £ Sk, where 
a*(f> G Hom(F[Ai, . . . , Afc], M) is defined by 

(3.5) (cT»(/(Ai, • • • , Xk)) = HfiKu),- ■ ■ , A.(fc))) . 

We let, for brevity, f ^ = fk{A, M) and f . = f.{A, M) = ^k- 

The following statement is the analogue of Remark 11.11 for the space of fc-chains. 

Lemma 3.2. If one of the elements Oj is a torsion element of the ¥[d]-module A, we have 
ai <8) • • • (8) Ofc (g) = in F,t. In particular, F^ can be identified with the quotient of the space 
A®*^ (g)Hom(F[Ai, . . . , Xk],M) by the relations CI. and C2. above, where A = A/Toi A denotes 
the quotient of the ¥[d]-module A by its torsion. 

Proof. If P{d)ai = for some polynomial P, we have, by the relation CI., 

= ai ■ ■ ■ {P{d)ai) • • • afc = ai (g) • • • • • • (g) afc (g) {P{-X*)(f>) . 

To conclude the lemma we are left to prove that the linear endomorphism P(— A*) of the space 
Hom(F[Ai, . . . , Afc], M) is surjective. For this, consider the subspace P(— Ai)F[Ai, . . . , A^] C 
F[Ai, . . . , Afc], and fix a complementary subspace U C F[Ai, . . . , A^], so that F[Ai,...,Afc] = 
P(— Aj)F[Ai, . . . , Afc] © U. Given (f> £ Hom(F[Ai, . . . , Afc], M), we define the linear map ip : 
F[Ai,...,Afc] ^ M by letting = and ^{P{-Xi)f{Xi,--- ,Afc)) = (/)(/(Ai,-- - , X^)) for 
every / G F[Ai, . . . , Afc]. Clearly, P{-Xt)^P = </>. □ 
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The space F, is endowed with a structure of a Z-graded F[9]-module, with the action of d 
induced by the natural action on A'^'' (g) Hom(F[Ai, . . . , Afc], M): 

k 

d{ai (8) • • • (8) Ofc (8) = ^ oi 8) • • • (dai) • • • (8 8) + al (8) • • • CJi 8) {dcp) 

1=1 

(3.6) = ai(8---(8afc® ((-AJ XI + d)(j)) , 

where 90 G Hom(F[Ai, . . . , Afc], M) is defined by {d(l)){f) = The reduced space of 

chains F, = ©fcg2+ ^^fc i^, by definition, the subspace of (9-invariant chains: Ffc = € Ffc | 9^ = 
0} C Tfc. 

For example, for k = we have Tq = M and Fq = {m S M \ dm = 0}. Next, consider 
the case k = 1 and suppose that the F[(9]-moduIe A admits the decomposition (jl.l4p . as a 
direct sum of Tor^ and a complementary free submodule ¥[d] 8) U. We already pointed out 
in Lemma 13.21 that a (8 </> = in Fi if a € Tor (A). Moreover, by the sesquilinearity condition 
CI. we have {P{d)u) (8 = u ® (P(-A*)0) in Fi, for every u e U, (p e Hom(F[A],M) and 
every polynomial P. Hence we can identify Fi ~ ?7 (8> Hom(F[A], M). Under this identification, 
an element u ® (p (z Ti is annihilated by d if and only if the map (j) : F[A] — > M, satisfies the 
equation (—A* + d)4> = 0, namely if (/'(A") = d"'(j){l) for every n G Z+. Clearly, there is a 
bijective correspondence between such maps and the elements of M, given hy (j) (p{l) E M. 
In conclusion, we have an isomorphism Fi ~ U ® M. 

Remark 3.3. Apparently, there is no natural way to define a differential 5 on A;-chains, making 
F, and F, homology complexes. The one given in [BKVl Section 4] is divergent, unless any 
m G M is annihilated by a power of 5*^ . 

3.3 Contraction operators acting on F' and F*. Assume, as in Section [l.5|, that ^ is a 
Lie conformal algebra and M is an ^-module endowed with a commutative, associative product 
li: M M ^ M, such that d^^ : M ^ M, and ax : M C[A] M, satisfy the Leibniz rule. 
Given an /i-chain ^ € F/j, we define the contraction operator : —>■ T^~^, k > h, as follows. 
If ai 8) ■ • • (8" a/i (8) (/) € A'^'^ (8) Hom(F[Ai, . . . , A^,], M) is a representative of ^ G fh, and 7 G F^, 
we let 

(3-7) (t^7)Ah+i,...,Afe(ah+ir-- ,ak) = cp^i^x,,- ,\^{ai, ■ ■ ■ ,afc)), 

where, in the RHS, <j)^ denotes the composition of maps, commuting with Xh+i, . . . , Afc, 

(3.8) F[Ai,...,A/,]®M^MOM-^M. 

We extend the definition of to all elements G F/^ by linearity on ^, and we let ^§(7) = if 
k < h. We also define the Lie derivative by Cartan's formula: = [6, l^]. 

It is immediate to check, using the sesquilinearity and skew-symmetry conditions Al. and 
A2. for 7 (cf. Section II. that the RHS in (13. 7|) does not depend on the choice of the 
representative for ^ in A®^ (E> Hom(F[Ai, . . . , A/j], M). Moreover, if 7 G F'^, it follows that 
satisfies both conditions Al. and A2., namely '-5(7) G F'^"'*. 
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Proposition 3.4. The contraction operators on the superspace T* commute, i.e. for S Th 
and ( G Tj we have 

Proof. Let ai (g) • • • (g) a/, (g) (/> G A'^'^ (g) Hom(F[Ai, • • • , A/^], M) be a representative for ^ G T^, 
bi0 ■ ■ ■ 0bj (gip e A"^^ (g) Hom(F[/ii, • • • , Hj],M) be a representative for C eVj, and let 7 G T''. 
By tlie definition (13. 7p of the contraction operators, we liave 

= i^'' {lXl,■■■M,^ll■■■,^l,,uu■■■,Uk-H-J((^lr■■ ,ah,bi,--- ,bj,ci,--- ,Ck-h-j))) ■ 
Since obviously (j)^ and commute, tlie proposition follows from condition A2. for 7. □ 
Proposition 3.5. For every basic h-chain ^ G Th, we have 

(3.9) [d, L(^] = d o — o d = lq^ . 

In particular, i/ ^ G T/j is a reduced h-chain, then commutes with d, and it induces a well- 
defined contraction operator on the reduced cohomology complex: : T'' F'^"'^. 

Proof. Let ai (g • • • (g a/j (g i;^ be a representative of ^ G L^, and let 7 G L^. By the definition 
(jl.2p of the action of 9 on F'^, we have 

(3.10) {di^'^)^^^^^ ^^^{ah+i, - ■ ■ , Qk) = {d^" + Xh+i ^ h Afc)(/!)''(7Ai,... .a^ («!,■■ ■ ,Ofc)), 

and, similarly, 

(3.11) (^^57)^^^^^ .._^^(aft+i,--- ,afc) = (/)^((a*^ + Ai + --- + Afc)7Ai,..,A,(«i,-- - ,afc))- 

On the other hand, by the definition (]3.6p of the action of d on Th, we have 

(3-12) (^957)^^^^ _^^(aft+i,-- - ,afc) = (50)^(7Ai,...,A,(ai,-- - ,0^)) 

-(t>^{{Xi H h A/i)7Ai,...,Afe(ai, • • • ,ak)) ■ 

Equation (^M) then follows by ([3l0]) . ([3TT]) . ([3J2]) . and by the following result. 
Lemma 3.6. For every linear map (f> : F[Ai, . . . , Xh] — > M , we have 

(3.13) [d^^, = 9*^ 0/^-0/^0 {id (g 5^'^) = (50)'^ , 

where c/)^ : F[Ai, . . . , Xh] <S) M ^ M is defined in 

Proof. Given f ®m ^ F[Ai, . . . , Xh] (g M we have 

{d^' o 4)^') {f®m) = d^^ {(t){f) ■ m) , 

((/.'' o (I ® d^')) {f®m) = (t){f) ■ {d^^m) , 

{d^Y{f®m) = {d^U{f))-m. 

Equation ()3.13p follows since, by assumption, 9*^ is a derivation of M. □ 
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For example, for h = 0, the contraction by m G M = Tq is given by the commutative 
associative product in M: (im7)Ai,- - ,Afc (^i) • " ' i^^fc) = "^TAi,- - ,Afc (c^i) • " " 5«fc)- (Which is the 
same as the exterior multiphcation by m G F*^ = M). If, moreover, m S M is such that 
dm = 0, we have Lmd'j = dim'J, so that im induces a weh-defined map F'^ — > F'^. Next, consider 
the case h = 1. Recall from the previous section that, if A decomposes as in (|1.14p . we have 
Fi ~ [/ ® Hom(F[A],M). The contraction operator associated to = u (8) i;^> G Fi is given by 
(t57)A2, -,Afe(a2, ■ • • ,«fc) = (/'^(7A,A2, -,Afe(^i,a2, • • • ,afc)). Moreover, we have Fi ~ U ®M, and 
the contraction operator associated to ^ = u®m\s given by 

(3-14) (;,57)A2,...,Afc(o2,-- - ,«fc) =7aM,A2,-,Afc("'"2,-- - ,ak)-,m, 

where the arrow in the RHS means that should be moved to the right. Clearly, L^d^ = Bl^j, 
and induces a well-defined map F'^ F'^"^. 

3.4 The Lie algebra structure on g = IIFi and the g-structure on the complex 
(F*,(5). In this section we want to define a Lie algebra structure on the space of 1-chains Fi, 
thus making F* a IIFi-complex (recall the definition in Section [3.ip . where 11 means that we 
take opposite parity, namely we consider Fi as an even vector space. We start by describing 
the space of 1-chains in a slightly different form. Recall that Fi is the quotient of the space 
A(2)Hom(F[A],M) by the image of the operator d®l + l0X*. We shall identify IIom(F[A],M) 
with M[[x]] via the map 

It is immediate to check that, under this identification, the action of d on Hom(F[A], Af) cor- 
responds to the natural action of d on M[[a;]], while the operator A* acting on IIom(F[A],M) 
corresponds to the operator = ^ on M[[a:;]]. Thus, the space of 1-chains is 

Fi = (A (g) M{\x\\)l{d ®\^\®d^){A® M{{x\\) . 

Recalling (j3.6p . the corresponding action of 9 on Fi is given by 

(3.15) d[a®m(x)) = a (d — d,j^)m{x) ^ 

and the reduced space of 1-chains is Fi = = a (8) m{x) ^V\\d^ = 0}. In particular, if A 
admits a decomposition (jl.l4p as a direct sum of Tor A and a complementary free submodule 
F[(}] ® U, we have Fi ~ ?7 M[[a:;]], and the reduced subspace Fi C Fi consists of elements of 
the form 

(3.16) (,=u(S) (e'^^m) , u € U, m € M . 

Given € Fi, we can write the action of the contraction operator : F*' — > F*'"^, defined 
by (|3.7p . Consider the pairing M[[rE]] F[A] M given by 

(3.17) {x^,X^)=n\Sm,n, m,neZ+. 
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It induces a pairing ( , ) : ^[[3;]] (F[A] M) —>■ M, given by 

(3.18) M[[x]](g)F[A]®M^^^M(g)M-^^M, 

where ^ in the last step denotes the commutative associative product on M. Then, if oi ® 
m{xi) G y4 (g) M[[j;i]] is a representative of ^ G Fi, the contraction operator : ^ pfc-i g^^^^g 
as follows: 

(3.19) (/,57)A2,...,Afe(a2,--- ,ak) = (?7T-(a:i),7Ai,A2,-,Afe(ai, «2, • • • ,afc)), 

where, in the RHS, ( , ) denotes the contraction of xi with Ai defined in (j3.18p . Clearly, if ^ is 
as in (|3.16p . equation (I3.19P reduces to (|3.14p . 

We can also write down the formula for the Lie derivative = 5ol^ + l^o5. Let ai®m[xi) G 
A ® M[[xi]] be a representative of ^ G Fi. Recalling the expression (jl.ip of the differential 5, 
we have 

fc+i ^ 
('5''57)A2,-,Afe+i(a2, • • • ,ak+i) = ^{-lYaixAm{xi),^ , (oi, 02, • • «fc+i) 

^ Ai,A2,---,Afe_|_i 

+ '^i-'i-)''^'^^(mixi),^ ,j (oi, a2, Ofe+i, [oiA^Oj])) 

jj=2 Ai,A2, ,Afe+i,Ai+Aj / 

i<j 

and 

fc+i ^ 
(i5'57)A2,-,Afc+i(a2, • • • = y'(-l)*"^V"T'(a;i),«iA,(7 j (oi, • • •, a^+i; 

^_-|^ ^ ^ Ai,---,Afe+i 

k+l 



ij=l Ai, Afc_|.i,Ai+Aj 

i<j 



We then use the assumption that the A-action of A on M is by derivations of the commutative 
associative product of M, to get, from the above two equations, 

(^n)A2,-,Afc+i(a2,-- - ,«fc+i) = (^m{xi),aix^(jX2,- ,Xk+ii"'2, ■ ■ ■ ,«fc+i))) 
fc+i . 
(3.20) +^(-l)V (aiAim(xi)),7 , (oi, 02, • • •, o^+i) 



fc+i 

-1) \("iAi?«(a;i)),7^ . 

Ai,A2,---,Afe+i 
fc+1 

-^{rn{xi),^X2,-M+Xj,-M+M2r ■ ■ , [aiAiaj], ' • • ,«fc+i)) • 
i=2 

We next introduce a Lie algebra structure on g = nFi and the corresponding g-structure 
on the complex (F*, 6). Define the following bracket on the space j4 (8) M[[x]]: 

(3.21) [a (8) m{x), b (g) n{x)] = [ag^^ b] (8) m{xi)n{x) |^^^^ 

-a (g) (n(xi), 6Ai"T'(a;)) + ^ <8) (m(xi), aAin(x)) , 

where, as before, ( , ) in the RHS denotes the contraction of xi with Ai defined in ()3.18p . 
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Lemma 3.7. (a) The bracket ()3.2ip on M\\x]\ induces a well- defined Lie algebra bracket 
on the space g = nFi . 

(b) The operator d®l + l®d onA®M^x\\ is a derivation of the bracket ()3.2ip . In particular, 
d defined in (j3.15p is a derivation of the Lie algebra q = liVi, and = UTi C g is a Lie 
subalgebra. 

Proof. Notice that, by the definition (jS.lSp of the inner product ( , ), 
(3.22) (/(xi), Ai5(xi)) = {d,J{xi),g{Xi)) . 

Hence, by (j3.2ip and the sesquihnearity conditions, we have 

[((9 (g) 1 + 1 (g) dx){a (g) m(x)),6g) n(x)] = -(5® 1 + l'S>dx)(^a® {n{xi),bx^m{x))) , 

and 

[a (g)m(x), {d®l + l®dx){b® nix))] 

= (9g) 1 + 1 g) dx){\aQ^^b] (g) m{xi)n{x) + b ® {m{xi),ax-^n{x)) 

It fohows that [d ® 1 + \ ® dx) is a derivation of the bracket (j3.2ip . and that (j3.2ip induces a 
weU-defined bracket on the quotient fi = A® M[[x\]/{d (g 1 + 1 (g dx){A ® M[[x\]). Next, let 
us prove skew-symmetry. We have 

[a g) m(x), b g) n{x)] + [6 <g) n(x), a (g) m{x)] = i {[as b] + [6g^a]) <g) m{xi)n{x) ) , 

V / X\=X 

and the RHS belongs to {d di)! + 1® dx){A(® M\\x\\) , due to the skew-symmetry of the A-bracket 
on A. For part (a), we are left to prove the Jacobi identity. Applying twice p.2ip . we have 



X\=X2=X 



(3.23) [a g) m(x), (g n(x),c (gp(x)]] = [aQ^^[bQ^^c]] ® in{xi)n{x2)p{x) 

-[aQ^b]®m{xi){p{x2),cx2n{x)) + [oq^^c]® m{xi){n{x2),bx2P{x)) 
+ [^9.2 c] <g) (m(xi),aAi(n(x2)p(x))) |^^^^ - a ® {{n{xi)p{x2) , [bxAxi+\2^{x))) 
+a (g) ((p(x2), CA2^^(2;l)), bx^m{x)) - a® {{n{x2),bx2P{xi)),cx^m{x)) 
-b ® (m(xi), (p(x2), CA2n(x))) + c® {m{xi),ax^ (n(x2), bx^vix))) , 

For the fifth term in the RHS we used (j3.22p and the following obvious identity: 

(3.24) {f{xi)g{x2)l^^^^M>^2)) = ((/(xi)5(x2), /i(Ai + A2))) , 

where, in the RHS, we denote by ((, )) the pairing of F[[xi,X2]] and F[Ai,A2], defined by 
contracting xi with Ai and X2 with A2, as in ()3.17p . Similarly, we have 



X\=X2=X 

x)\ I 

2:2=3; 



(3.25) [6 ® n(x), [a ® m{x),c ® p{x)]] = [bg^^ [ag^^ c]] ® m{xi)n{x2)p{x) 

-[ba^^a] ® n{xi){p{x2), cx2m{x)) ^=3. + [h^^^] ® n{x2){m{xi),axiP{x) 
+ [aa,jC] ® {n{x2),bx2{m{xi)p{x))) \^^^^ - b ® {{m{xi)p{x2), [aAiC]Ai+A2f^(2; 
+b® {{p{x2),cx2m{xi)),ax^n{x)) - b® {{m{xi),ax-,p{x2)),cx2n{x)) 
-a ® {n{xi),bxi{p{x2),cx2'in{x))) + c® {n{x2),bx2{in{xi),ax-^p{x))) , 
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and, for the third term of Jacobi identity, 

(3.26) [[a0m{x),b(S)n(x)],c®p{x)] = [[ad^^b]o^_^+o^^c] (g) m{xi)n{x2)p{x) 

-[aa^^b] (g) (p(x2),CA2(m.(xi)?i(x))) 1^^^^ - [aa^^c] (g) {n{x2),bx2m{xi))p{x) 



\Xl=X2=X 



+ [ba^2^] ® {m{xi),axMx2))p{x) \^^^^ + c (g> {{m{xi)n{x2), [axib]x^+\2P{x)] 



-c iS) ((n(x2), bx2m{xi)),axiP{x)) + c {{m{xi), axin{x2)) ,bx2P{x)) 
+a® {p{x2),cx2{n{xi),bx-^m{x))) - b® (p(x2), (m(xi), aAin(x))) . 

We now combine equations (j3.23p . (|3.25p and (|3.26p . to get Jacobi identity. In particular, the 
first terms in the RHS of (j3.23p . (j3.25p and (|3.26p combine to zero, due to the Jacobi identity 
for the A-bracket on A. For the second terms in the RHS of (|3.23p . (j3.25p and ()3.26p . we use 
the skew-symmetry of the A-bracket on A and the Leibniz rule for the A-action of A on M, 
to conclude that their combination belongs to {d ® 1 + \ ® dx){A ® M\\x\\) . The third term 
in the RHS of (j3.23p combines with the fourth term in the RHS of (j3.25p and the third term 
in the RHS of (|3.26p to give zero, and similarly for the combination of the fourth term in the 
RHS of (I3:23|) . the third term in the RHS of (13:25]) and the fourth term in the RHS of (13:26]) . 
Furthermore, the combination of the fifth, sixth and seventh terms in the RHS of (|3.23p . the 
eighth term in the RHS of (|3.25p and the eighth term in the RHS of (|3.26p give 

a (g) (^(n{xi)p{x2), I - [bxAx^+\2^{x) + bx^cx^mix) - cx^bx^mix)^'^'^ , 

which is zero due to the Jacobi identity for the A-actio of ^ on M. Similarly for the remaining 
terms in (f3:23]) . ([3:25]) and (13:26]) . We are left to prove part (b). We have 

(3.27) [((9 (g 1 + 1 ® (9)(a (g) m{x)),b (g) n{x)] 

= [dao^^b] (g) m{xi)n{x) \^^^^ + [ao^^b] (g {dm{xi))n{x) 
— {da) (g) {n{xi) ,bx^m{x)) — a® (n(xi), 6ai {dm{x))) 
+b (g (m(xi), {da)x^n{x)) + b(g {{dm{xi)), ax^nix)) , 

and 

(3.28) [a (g m{x), {d 1 + I (g d){b ® n(x))] 

= [aa^^db] (g) m{xi)n{x) + [ao^^b] <^ m{xi){dn{x)) \^^^^ 
—a ig) (n(xi), {db)xirn{x)) — a (g {{dn{xi)), bx^rn{x)) 
+{db) (g) {m{xi),ax-i^n{x)) + 6 (g (m(xi), ca^ (9n(x))) . 

Putting equations (|3.27p and (|3.28p together we get 

((9 (g 1 + 1 (g) 5) [a Ig) m{x), b (g n{x)] = [(5 (g 1 + 1 ig) (9)(a (g m{x)), b g) n{x)] 
+ [a (g m{x), ((9 Ig) 1 + 1 (g d){bg)n{x))] . 

This completes the proof of the lemma. □ 

Proposition 3.8. The basic cohomoloy complex {T',S) admits a Q-structure, ip : g ^ EndF*, 

where g = HFi is the Lie algebra with the Lie bracket induced by (|3.2ip . given by ^{drj) = 
•^j ^{vO — '•6 fiO — i ^ ^1. The corresponding reduced (by d) q'^ -complex is (F*,(5). 
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Proof. In view of Remark 13.11 and Proposition 13.41 we only have to check that 
(3-29) [%>^6] = ' 

where, for ^ G Fi, is given by (|3.19p and is given by (j3.20p . For i = 1,2, let then 
Oj mi{x) € A (8) be a representative of E Fi. We have 

(3.30) (L5,i527)A3,-,Afc+i(a3,-- - ,afc+i) 

= (mi(xi), aiAi ("12(2:2), 7A2,A3,- ,Afc+i(a2, as, • ' ' , ik+i))) 

k+l 

+ 2^(-l)*((«*A,"ll(2;i)), (m2(x2),7 i (01,02,03, •••,Oa..+i))) 

Ai,A2,A3,---,Afe+i 

fc+1 

(mi(xi), (m2(x2),7A2,A3,-,Ai+A3,-,Afe+i(^2,a3, • • • , [aiAifli],- • ■ 'flfc+l))) , 

i=3 

where, as in ()3.17p . with ( , ) we contract xi with Ai and X2 with A2. Similarly, we have 

(3.31) (i52%7)A3,-,Afc+i(o3, • • • ,afc+i) 

= ("12(2:2), (mi(xi), oiAi (7A2,- ,Afc+i (02, • • • , flfc+i)))) 
fc+i 

+ 2^(-l)*("^2(2;2), ((aiA,"ii(a:i)),7 j (oi, 02, • • •, Ofc+i))) 

Ai,A2,---,Afe+i 

fc+1 

-^(7712(3:2), (mi(xi),7A2,...,Ai+A,,-,Afe+i(«2, • • • , [oiAiOj], • • • ,afc+l))) • 
i=2 

Combining equations (j3.30p and (j3.3ip . we get 
(3-32) ([%,i52]7)A3,...,Afc+i(«3,-- - ,«fc+i) 

= ((mi(xi), (oiAi 7712(2:2))), 7A2,A3,-,Afe+i(«2, 03, •• • >«fc+l)) 
-((m2(x2), (a2A2mi(xi))),7Ai,A3,-,Afc+i(«l,«3, ' ' ' ,Ofc-+l)) 
+ ((mi(xi)m2(x2),7Ai+A2,A3,-,Afc+i([aiAi«2],a3, • • • ,«fc+l))) , 

where, for the first term, we used the fact that the A-action of A on M is by derivations of the 
commutative associative product on M. To conclude, we use equations (j3.22p and (I3.24p to 
rewrite the RHS of (j3.32p as (i^7)A3,... .Afe+i(fl3, " " " , Ofc+i), where 

i = 02 (8) (mi(xi), (aiAim2(x))) - oi (g) (m2(x2), (o2A2"^i(2;))) 
+ [019^^02] ® mi (xi)m2 (a:) = [6,6]- 

□ 
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3.5 The space of chains C,. Recall from Theorem 11.51 that the cohomology complex V is 
a subcomplex of the cohomology complex C* defined in Section [1.31 One may ask whether, for 
a reduced /i-chain ^ € T/^, there is a natural way to extend the definition of the contraction 
operator to the complex C*. In order to formulate the statement, in Theorem 13.151 below, 
we first define a new space of chains, obtained by dualizing the definition of the complex C. 

We let C, = 0fcgz+ C'fc, where Cq = {m £ M\dm = 0} ( = Tq), and, for A; > 1, we 
define the space Ck of k- chains of A with coefficients in M as the quotient of the space A^'' (8) 
Hom(F[Ai, . . . , Afc_i], M) by the following relations: 

Dl. ai (g) • • • dai • • • (g) 8 i;^ = —ai • • • g) a/c (g (A*0), for every 1 < i < k — 1; 

D2. ai (g) • • • afc„i ® (dak) (/> = ai ® • • • (g) (g) ((AJ H h A^^^^ - d)(t>); 

D3. ao-(i) ig) ■ ■ ■ ig) ao-(fc) ® (o'*(/>) = sign(cr)oi (g) • • • ® c;^, for every permutation cr G 5*^, where 
cj*0 G Hom(F[Ai, . . . , Afc_i], M) is defined by 

(3.33) (a*0)(/(Ai,--- ,Afc_i)) = </>(/(A.(i),--- ,A,(fc„i))|^^^,^^), 

where in the RHS we have to replace A^ by Afc-j- = — Ai — • • • — Afc_i + 5*^ and move 
to the left of (j). 

For example, Ci = (A <^ M)/d{A (g) M). In particular, in Ci it is not necessarily true that 
o(gm is equivalent to zero for every torsion element a of the F[(?]-module A. On the other hand 
the analogue of Lemma 13.21 holds for k > 2: 

Lemma 3.9. If k > 2 and ai G Tor A for some i, we have oi (g • • • (g (g (/> = in Ck- 

Proof. For 1 < i < k — 1, relation Dl. is the same as relation CI., hence the same argument as 
in the proof of Lemma 13.21 works. Similarly, for i = A:, if P{d)ak = 0, we have by the relation 
D2., 

= ai (g • • • ak-i ® {P{d)ak) (/> = oi (g) • • • (g (g {P{\1 + • • • + Xl_^ - d)(p) , 

and to conclude the lemma we need to prove that the linear endomorphism P(A* + - • ■ + A^_^ — 9) 
of Hom(F[Ai, . . . , Afc_i], M) is surjective. In other words, given cp G IIom(F[Ai, . . . , A^-i], Af ), 

we want to find tp G Hom(F[Ai, . . . , A^-i], M) such that P{Xl H h Xl^i - d)il) = (f). Suppose, 

for simplicity, that the polynomial P is monic of degree N . Hence 

N 

P{\\ + ■■■ + XU -d) = {XD^ + d-RniK, ALi) , 

n=0 

where the polynomials i?„ G F[AJ, . . . , A^_^], considered as polynomials in Ai, have degree 
strictly less than N. Then ip can be constructed recursively by saying that '(^{Xi^X^' ■ ■ ■ A^~|) = 
for 77,1 < and 

N 

7A(Af . . . Xlzl) = 0(Ar • • • K-l) - E 5''"^(^n(Ai, • • • , Afc_i)Ar • • • xizi) ■ 

n=0 

Since the RHS only depends on 7/'(A™^A^^ • • • X^Zi) with ttii < + r7i, the above equation 
defines ^jJ by induction on rii. Clearly, -P(A* + • • • + A^_^ — d)ip = (p. □ 
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In analogy with the notation used in Section [L2l we introduce the space C, = ©^g^^ Ck-, by 
taking the quotient of the space C, by the torsion of A. More precisely, let Cq = {m € M \ dm = 
0} = Co and, for fc > 1, Cfc is the quotient of the space A®^ (g) Hom(F[Ai, . . . , Afc_i], M), where 
A = A/ Tot A, by the relations Dl., D2. and D3. above. In particular, by Lemma [3. 9 1. Cj. = 
for A; 7^ 1, and there is a natural surjective map C\ Ci. 

We next want to describe the relation between the spaces Ck and F^. In particular, we are 
going to define a canonical map Xk '■ Cfc — > F^, and we will prove in Proposition 13.121 that, if 
the F [5] -module A decomposes as direct sum of its torsion and a free submodule, Xk factors 
through an isomorphism — F^. 

For > 1, let pk : IIom(F[Ai, . . . , A/,], M) Hom(F[Ai, . . . , Afc_i], M), be the restriction 
map associated to the inclusion F[Ai, . . . , \k~i\ C F[Ai, . . . , Ajt]. Let 

Xk : Hom(F[Ai,...,Afe„i],M) ^ Hom(F[Ai, . . . , Afc], M) , 

be the injective linear map defined by 

(3.34) (Xfc<A)(/(Ai,--- ,Xk)) =4>{f{Xi,--- ,Afc_i,Afct)), 

where in the RHS we let Afct = - EjZl A, + d^^ and we move d^^ to the left. 

Lemma 3.10. (a) We have pk o Xk = ^ on Hom(F[Ai, . . . , Afc_i], M). Hence Xk ° Pk is a 
projection operator on IIom(F[Ai, . . . , Afc], M), whose image is naturally isomorphic to 
Hom(F[Ai,...,Afc_i],M). 

(b) The image of Xk consists of the elements (j) € Hom(F[Ai, . . . , Afc], M) such that 

(3.35) ^x\ + --- + \l)(p = dct>. 

(c) We have the commutation relations 

(3.36) A* o = Xfc ° A* VI < i < fc - 1 , \loxk = XkO {-\\ X^, + 8) , 

where A* is the linear endomorphism of Hom(F[Ai, . . . , A^], M) defined by (j3.4p . 

(d) For every permutation a G Sk we have 

(3.37) a* oxk = Xk ° o"* , 

where a* in the LHS denotes the endomorphism o/ IIom(F[Ai, . . . , Ayt], M) defined by 
(13. Sp . while in the RHS it denotes the endomorphism o/IIom(F[Ai, . . . , A^-i], M) defined 
by ^M- 

Proof. Part (a) is obvious. Given (j) € IIom(F[Ai, . . . , A^-i], M), we have, by the definition 

msi of Xk, 

{{Xl + --- + XI- d)xk'P) (/(Ai, • • • , Xk)) = (xfe</>) ((Ai + • • • + Afc - 9*0/(Ai, • • • , A^)) = , 
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namely Xk4' satisfies equation (j3.35p . Conversely, if G Hom(F[Ai, . . . , Xk],M) solves equation 
()3.35l) . we have, by Taylor expanding in Afc| — = — Ai — ■ ■ ■ — A^ + d^'^ , 

(Xfc/5fc<^)(/(Ai, • • • ,Afc)) =<^(/(Ai-- - ,Afc_i,Afc|)) 

= E + ((^aJ)(Ai, ■ ■ ■ , Xk)) = ct>{f{Xi, • • • , A,)) . 

Hence, (j) is in the image of Xk, as we wanted. This proves part (b). For part (c), the first 
equation in (13.360 is clear. The second equation follows by part (b). We are left to prove part 
(d). Given (j) E Hom(F[Ai, . . . , X^-i], M) we have, for every permutation a £ S^, 

(f^*Xfc</')(/(Ai,--- ,Afc)) = (/)(/(A^(i),-- - ,Xa{k))\x^^x^^) ' 

and 

(Xfccr*0)(/(Ai,--- ,Afc)) = 0(/(A^(i),--- ,A^(fc_i),-A^(i) A^(fc„i) + a*'^) ). 

Equation ()3.37p follows by the fact that, for a{k) ^ k, when we replace A^ by A^^ = — Ai — 
Xk-i + d^, the expression — Ao-(x) — • • • — X„(^f,_i^ + 9*^ is replaced by Ao.(fc). D 

We extend Xk to an injective linear map Xk '■ ^"^^ ^ Hom(F[Ai, . . . , Afc_i],M) ^ ^4®^ (g) 
Hom(F[Ai, . . . , Afc], M), given by 

(3.38) Xk{ai • • • flfc (/>) = «i ® • • • "X" flfe (8) Xk{<P) ■ 

Moreover, we denote by (CI, C2) C >l®'^(g)Hom(F[Ai, . . . , Afc], M) the subspace generated by the 
relations CI. and C2. from SectionE^l and by (L>1, L>2, L>3) C A®'=®Hom(F[Ai, . . . , Afc_i], M) 
the subspace generated by the relations Dl., D2. and D3. 

Proposition 3.11. (a) Xk{{Dl,D2,D'i)) C (C1,C2). 

(h) For every x £ A®^ ® Hom(F[Ai, . . . , Afc_i], M), we have dxk{x) € (CI, C2). 

(^) Xk induces a well-defined linear map Xk ■ C^ — > Tfc. 
Proof. For l<i<A; — 1, we have 

Xfc (fli • • • (dai) • • • (g) Cfc (Xi + fli • • • i8) afc (g) (A*(/))) 

= ai (g) • • • (dai) • • • (g) afc (g) Xki(p) + ai (g) • • • (g (g XkiK'P)) > 

and this is in (C1,C2) thanks to Lemma 13.10( c). Similarly, by the second equation in (13.360 . 

Xk{ai <g> ■ ■ ■ (g afc_i (g (dak) (g - ai (g ■ ■ ■ afc (gi (A* H + Xl_i - d)4>)) 

= ai g) • • • g) flfc-i (g) (dak) (g Xfc((A) + ai (g) • • • (g afc (g) X%Xk{(t>) G (CI, ^2) . 

Furthermore, by Lemma [3. 10( d). we have, for every permutation a £ Sk, 

Xfe(ai (g • • • igi afc (g) - sign((T)a^(i) (g) • • • g) a^(fc) (g) (o-») 

= ai (g • • • g) afc (g) Xk{<P) - sign(a)a<^(i) ® ■ ■ • g) a^(fc) (g (o-*Xfc(0)) G (CI, C2) . 
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This proves part (a). From (j3.6p and Lemma IS.lOf b). we have 

dXk{ai • • • (8) afc (g) (^) = ai • • • ® Ofc (-A^ + 5)xfc(0) = , 

thus proving (b). Part (c) follows from (a) and (b). □ 

Proposition 3.12. If the Lie conformal algebra A decomposes, as an ¥[d]-module, in a direct 
sum of the torsion and a complementary free ¥[d]-submodule, the identity map on Cq = {m € 
M I dm = 0} and the maps Xk ■ Cfe ^ T^, k > 1, factor through a bijective map (7, — F,. 

Proof. Suppose that the F[5]-module A decomposes as in (jl.l4p . By definition, in the space Ck 
we have that ai ^ • • • <8) Ofc '8' i;^> = if one of the elements Oj is in T = Tor A. The same is true 
in the space by Lemma 13.21 It follows that Xk induces a well-defined map 

(3.39) Xk-Ck^TkCfk. 

Moreover, in the space F^ we have, using relation CI., that 

iPiid)ui) ® • • • ® iPk{d)uk) (8 (A = ui 8) • • • Ufc (8 {Pii-XD ■ ■ ■ Pk{-\l)(f) , 

for every ut € U and (p G Hom(F[Ai, . . . , A^], M). Hence, we can identify the space F^ with the 
quotient of the space U^^ Hom(F[Ai, . . . , A^], M) by the relation C2. Similarly, in the space 
Ck we have, using the relations Dl. and D2., that 

{Piid)ui) 8) • • • {Pk{d)uk) ® 4) 

= -ui (8 • • • 8) Ufc {Pii-X*i) ■ ■ ■ Pk-i{-Xl.i)PkiK + ■■■ + Afc_i - d)cp) , 

for every Uj G U and (j) G Hom(F[Ai, . . . , Xk-i],M). Hence, we can identify the space Ck with the 
quotient of the space U®'' (S> Hom(F[Ai, . . . , \k-i], M) by the relation D3. The map Xk in (|3.39p 
is then induced by the map U'^^ (g) Hom(F[Ai, . . . , Xk-i],M) U^'' ® Hom(F[Ai, . . . , A^], Af), 
given by 

Ui® ■ ■ ■ ®Uk® (j) ^ Ui® ■ ■ ■ ®Uk® Xki4>) ) 

for every Ui € U and cp G Hom(F[Ai, . . . , Afc_i],M). Recalling (13. 6|) . the action of d on Tk is 
induced by the map f/®^' ® Hom(F[Ai, . . . , A^], M) ^ C/®'= (g) Hom(F[Ai, . . . , Afc], M), given by 

ui <^ ■ ■ ■ (g) Uk <^ (p 1-^ ni • • • (g) lifc (g) ((-A^ . 

Hence, the subspace Tk C Tk is spanned by elements of the form • • • (g (g such that 
(— A^; — ■ ■ ■ — A^)(/) = 0. By Lemma [3.10( b). this is the same as the image of Xk- Therefore 
the map (j3.39p is surjective. Finally, injectiveness of (j3.39p is clear since, by Lemma (|3.10p (d). 
relation D3. corresponds, via Xk, to relation C2. □ 
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3.6 Contraction operators acting on C*. Assume, as in Section 13.31 that ^ is a Lie 
conformal algebra and M is an A-module endowed with a commutative, associative product 
/i : M ^ M ^ M, such that : M ^ M, and ax: M ^ C[A] (g) M, satisfy the Leibniz rule. 
Given an /i-chain x € C/i, we define the contraction operator ix '■ C'^ C^~^, k > h, in the 
same way as we defined, in Section 13.31 the contraction operator associated to an element of 
F/j. If oi (g) • • • (g) a/i ® (/) G A®^ (g) Hom(F[Ai, . . . , Xh-i],M) is a representative of x G Ch, and 
c G C'^, we let, for h < k, 

(3.40) {oh+ix^^-^ ■ ■ ■ ak-ix^^^^ak}i^c = {Xh(t>T{{aiXi ■ ■ ■ ahx^ah+ix^_^^ ■ ■ ■ ak-ix^^_^ak}^) , 

where, in the RHS, cp'^ is defined by (|3.8|) and Xh is given by p.34p . For h = k , equation p.40p 
has to be modified as follows: 

(3.41) = J r{{aix, ■ ■ ■ ak-ix,^,ak}c) G M/d^'U = C° . 

Lemma 3.13. (a) For c G C^, the RHS of (j3.40p does not depend on the choice of the 
representative for x in A'^^ ® Hom(F[Ai, . . . , Xh-i], M). Hence the contraction operator 
ix is well defined for x G Ch- 

(h) For c&C^, the RHS of (I3.40p satisfies conditions Bl., B2. and B3. Hence LxC G C^~^ . 

Proof. If x = ai (g • • • {doi) ■ ■ ■ ® Oh® 4> + ai - ■ ■ ® Oh® (A*0), for 1 < z < /i — 1, we have 

{a/i+iA^+i ■ ■ ■ «fc-iAfe_iOfc}.,c = {Xh(l)Y {{aixi ■ ■ ■ idai)\i ■ ■ ■ ak-ix^^_^ak}c 

+ ^i{aiAi • • • afc-lAfe_i'2fc}c) 1 

and this is zero since, by assumption, c satisfies condition Bl. Similarly, if a; = ai (g) • • • (ga^-i (g 
{doh) ® 4> - ai ■ ■ ■ ®) tth ®) ((A^ + ■ ■ ■ + Xl^i — d)4>), we have 

(3.42) {oh+ix^^^ ■ ■ ■ ak-ix^_^ak},,c = {Xh4>T{{aiXi ■ ■ ■ {dah)x^ ' ' ' ak~ix^_^ak}c 
-(Ai H h Xh-i){aixi ■ ■ ■ afc-iAfe_i«fe}c) + {Xhd4>)^ {{aix^ ■ ■ ■ afc_Uj^_,afc}c) • 

Using the condition Bl. for c, we can rewrite the RHS of ()3.42p as 

{Xh(l)T{ - (Ai H h Xh-i + Ah){aiAi • • • afc-iA^_jOfc}c) + {Xhd(t>)^{{aix, ■ ■ ■ ak-lx^^_^ak}c) , 

which is zero thanks to Lemma r3.10f c). Furthermore, if x = ai g) • • • (g a/i (gi — sign(cr)Oo-(i) (g 
•••(g) ao-(/i) (gi {cr*(f)), for a permutation a G 5/^, we have 

{(^h+lx^+, ■ ■ ■ 0'k~lXk-i'^k]i^c = {Xh4>Y{{aiX^ ■ ■ ■ afc-lAfe_i«/c}c) 

(3.43) -sign(cr)(xh(T*(?!')^({aiAi • ' ' afc-iAfe_i«fc}c) = (Xh0)^({aiAi ' • • ak-ix^_^ak}c 

-sign(a){a,(i)^^^^^ • • • a<x{h)A^^,j«/^+iA,+i ' " " afc-iA,_,«fc}c) , 

where, in the second equality, we used Lemma (|3.10p (d) and the definition ()3.5p of a* acting 
on Hom(F[Ai, . . . , A/i],M). Clearly, the RHS of (j3.43p is zero since, by assumption, c satisfies 
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condition B3. This proves part (a). For part (b), condition Bl. for l^c follows immediately 
from the same condition on c. We have 

(3.44) {ah+i^^^^---ak-ix^_^{dak)},,c = {xh(t>T {{ai\^ ■ ■ ■ ak^i^^_^{dak)}c) 

= {Xh4'Y{{Xi + ■■■ + \k-i + 5*^){aiAi • • • afc-iA,_,afc}c) • 

By Lemmas 13.61 and I3.10r c) , the RHS of (j3.44p is the same as 

{Xh+i + ■■■ + Afc_i + d^^){xh4>Y{{aix, ■ ■ ■ afc_u^_^afc}e) 
= (Ah+i H h Afc_i + d^^){ah+ix^^^ ■ ■ ■ Ofc-iA^.i^fclt^c , 

namely l^c satisfies condition B2. Similarly, for condition B3., let a be a permutation of the 
set {h + 1, ... , k}. We have 

(3.45) {a„(h+i)x^^^^^^ ■ ■ ■ Mk-i)x^^,_,Y''{k)}i.c 

We then observe that, replacing in the above equation Afc by — "^^Zh+i ■• acting from 

the left, is the same as replacing it, inside the argument of {xh't'Y the RHS, by — X^j=i — 
d^^. For this we use Lemmas 13.61 and 13.10( c). After this substitution, the RHS of p.45p 
becomes, using the condition B3. for c, 

s\gD.{a){xh4>T {{aix^ ■ ■ ■ ak-ix^_^ak]c) = {ah+ix^^^ ■ ■ ■ ak-ix^_^ak]L^c ■ 

□ 

Proposition 3.14. The contraction operators on the superspace C* commute, i.e. for x € Ch 

and y G Cj we have 

^x^y — ( 1) ^ ^y^x ' 

Proof. Let ai ^ ■ ■ ■ ^ Oh ^ 4> & A®^ (g> Hom(F[Ai, • • • , Xh-i],M) be a representative for x G Ch, 
6i • • • (8) 6j <8) V' € A^'' Hom(F[/xi, ■ ■ ■ ,/ij_i],M) be a representative for y € Cj, and let 
c G C^. For k > h + j, the proof is similar to that of Proposition 13.41 Thus we only have to 
consider the case k = h + j. Recalling (I3.40p and ()3.4ip . we have 

iy(txc) = /^^((xfe<^)''({aiAi • • • ah^ix^_^ahx,bi^^ ■ ■ ■ bj^i^^_hj}c)) ■ 

Applying the skew-symmetry condition B3. for c and using the definition ()3.34p of Xh, we get, 
after integration by parts, that the RHS is 

(-l)'^V(XiV')^(0^({foiM. •••^.-V,_,^.^,«iA. •••a^-iA,_,a4c)) , 

which is the same as {—l)^Hx{iyc) . □ 
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For example, for m G Co = {m' € M\dm' = 0}, we have {aiAi ' ' ' ^^fe-iA^.i^^i'-mc ~ 
m{aiAi ■ ■ ■ '^A:-iAfc_i'^fc}c- Recall also that Ci = A (gi M/d{A M). The contraction operators 
associated to 1-chains are given by the following formulas: if c G = }lomY\Q]{A, M) , then 



(3.46) iai 

while if c G C'^, with k > 2, then 

(3.47) {«2A2 •••afc-iAfe_iafc}iai5 



mc{a) , 



{aigAfa2A2 ■ ■ ■ «fe-iAfe_i'^fc}c 



where the arrow in the RHS means, as usual, that d'^^ should be moved to the right. 

Also we have the following formulas for the Lie derivative Lx = [d, l^] by a 1-chain x G Ci 
acting on C° = M/d^^M and = Yiom^Q-\{A, M): 



(3.48) 



fiagMn) 

{La®mc){b) = {agMc(b))^m+^ {{b_QMm)c{a)) - c{[aQMb])^m, 

where the left arrow in the RHS means, as usual, that should be moved to the left. 

The definitions of the contraction operators associated to elements of F, and C, are "com- 
patible". This is stated in the following: 

Theorem 3.15. For x ^ Ch and 7 G F^', with k > h, we have 

= V''-'(^x.(x)(7)), 



where ifj : T C , denotes the injective linear map defined in Theorem \1.5l and Xh '■ 

F/i, denotes the linear map defined in Proposition \3.11\ In other words, there is a commutative 

diagram of linear maps: 



(3.49) 



1/''= 



C 

i.k — h 



k-h 



^k-h 



provided that ^ G F/j and x are related by ^ = Xhix)- 

Proof. Let 7 G F'^ be a representative of 7 G F^, and let ai (S> ■ ■ ■ <E> ah (S) 4> G A^'^ (S> 
Hom(F[Ai, . . . , A/j_i], M) be a representative of x G Ch- Recalling the definition (jl.l3p of 
and the definition (i3l40l) of l^, we have 



(3.50) 



K+lA,+i •••"fc-lAfe_i«fck^'=(7) = (X^<^)''(TAi,...,A,._i,At("l'--- '"fc))' 



where, in the RHS, Xj, stands for — Yl^=i -^j ~ (^^^ : with 3*^ acting on the argument of (xh4')^ ■ 
By Lemmas 13.61 and ()3.10p (c). we can replace by — Aj — 9^^, where now d^^ is moved 

to the left of (Xh'P)''^- Hence, the RHS of (j3.50p is the same as 

thus completing the proof of the theorem. □ 
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3.7 Lie conformal algeroids. A Lie conformal algebroid is an analogue of a Lie algebroid. 

Definition 3.16. A Lie conformal algebroid is a pair {A,M), where ^ is a Lie conformal 
algebra, M is a commutative associative differential algebra with derivative d^^ , such that A 
is a left M-module and M is a left j4-module, satisfying the following compatibility conditions 
{a,b € A, m,n £ M): 

LI. d{ma) = {d'^'^ m)a + m{da), 

L2. ax{mn) = {axm)n + m{a\n), 

L3. [axmb] = {axm)b + m[axb]. 

It follows from condition L3. and skew-symmetry (10. 2|) of the A-bracket, that 

L3'. [maA^] = (e^^'^^m) [oa6] + (aA+a?Ti)^6, 

where the first term in the RHS is X^^q hi^^ ~^ "9*^)*"^) ('^(i)^)) and in the second term the 
arrow means, as usual, that d should be moved to the right, acting on b. 

We next give two examples analogous to those in the Lie algebroid case. Let M be, as 
above, a commutative associative differential algebra. Recall from Section [2] that a conformal 
endomorphism on M is an F-linear map ip{= ipx) : M ¥[X] (g> M satisfying ipx{d^'m) = 
^qM _j_ ^^(^^(^TTj). The space Cend(M) of conformal endomorphism is then a Lie conformal 
algebra with the F [3] -module structure given by {dip)x = —X'^x-, and the A-bracket given by 

VPxMti = o -^M-A - 1p^l~\ o V^A • 

Example 3.17. Let Cder(M) be the subalgebra of the Lie conformal algebra Cend(M) consisting 
of all conformal derivations on Af, namely of the the conformal endomorphisms satisfying the 
Leibniz rule: ipx{mn) = ipx{m)n + mipx{n)- Then the pair (Cder(M),M) is a Lie conformal 
algebroid, where M carries the tautological Cder(M)-module structure, and Cder(M) carries 
the following M-module structure: 

(3.51) {m^)x = {e^"^^m)^x ■ 

This is indeed an Af -module, since e^^*^(mn) = (e^'^*^m)(e^^"n). Furthermore, condition 
LI. holds thanks to the obvious identity ^^A = (A -|- d^^)e^ Condition L2. holds by 
definition. Finally, for condition L3. we have 

[ipxrmp]^{n) = Lpx{{mip)^_x{n)) - {mip)^^x{v>x{n)) 

= ipx{{e^"^-m)i;^.x{n)) - (e^^'^-m) (v^A(n)) 

= (e(^+^")^-(^A(m))V'^_A(n) + (e^^^-m) (^^x{i^^-x{n)) - V'^_a((^aN)) 

= {e^'"^'"¥^xim))'iljf,{n) + (e^^'^'^m) [ipxij]^,{n) = {ipxim)^; + m[ipx'fp]) ^(n) . 

Example 3.18. Assume, as in Section 13. 3( that A is a Lie conformal algebra and M is an 
^-module endowed with a commutative, associative product, such that d^^ : M M, and 
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ax M ^ C[A] (S) M, for a € A, satisfy the Leibniz rule. The space M ® A has a natural 
structure of F[9]-module, where d acts as 

(3.52) d{m (g) a) = (d'^m) ® a + m (g) (da) . 

Clearly, M^Ais & left M- module via multiplication on the first factor. We define a left A-action 

of M <S)A on M hy 

(3.53) (m ® a)xn = {e^"^^m) (axn) , 
and a A-bracket on M (g A by 

(3.54) [(m a)A(n 6)] = {{e^^'^^m^n) [aA^] + ((m a)Ara) 6 - e^^^ ((n (g) 6)_Am a) . 

We claim that (j3.52p and (j3.54p make M g) A a Lie conformal algebra, (|3.53p makes M an 
M g) A-module, and the pair (M g) ^, M) is a Lie conformal algebroid. This will be proved in 
Proposition 13. 2H using Lemmas 13.191 and 13.201 

Lemma 3.19. (a) The following X-bracket defines a Lie conformal algebra structure on the 
C[d]-module M ® A: 

(3.55) [(m (g) a) A (n g) 6)] Q = {{e^^'^^m)n) g) [axb] . 
(b) For x,y £ M A and m S M , we have 

(3.56) [mxxy]o = (e^"^^m) [xAy]o , [xxmy]o = m[xxy]o ■ 

Proof. For the first sesquilinearity condition, we have 

[dim a) A (n &)]g = {{e^^'^^d^'m)n) ® [axb] - {{e^"^^m)n) g) A[aA&] 
= -A[(m a) A (re (g) 6)]g . 

The second sesquilinearity condition and skew-symmetry can be proved in a similar way, and 
they are left to the reader. Let us check the Jacobi identity. We have, 

[(m®a)A [(n0 6);.(p®c)]Jg = (e^''^^m)(e^"^^n)p® [aaM]- 
Exchanging a (g m with 6 (g n and A with /x, we get 

[{n (g 6) ^ [(m a) A (p g) c)] = (e^"^^m) {e^^'^^n)p (g [ft^Kc]] . 
Furthermore, we have 

[[m ® a xn (g) b]o u P ^ c\o = {e^"^" {e^'''^^m)n)p [[axb]„c\ . 
Putting v = X + fi, the RHS becomes 

(e^"^^m) (e^"^''n)p [[qa^Ia+mc] ■ 

Hence, the Jacobi identity for the A-bracket (j3.55p follows immediately from the Jacobi identity 
for the A-bracket on A. This proves part (a). Part (b) is immediate. □ 
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We define another A-product on M ^ A: 

(3.57) (m (g) a)x{n (g) b) = [{m ® a)xn) (g) b . 

Notice that the A-bracket (j3.54p can be nicely written in terms of the A-bracket (]3.55p and the 
A-product (f3371) : 

(3.58) [xxy] = [xxy]o + x\y - V-x-d^ ■ 

Lemma 3.20. (a) The X-product (j3.57p satisfies both sesquilinearity conditions (x,y ^ M ® 
A): 

(3.59) {px)xy = -Xxxy , xx{dy) = (A + d){xxy) ■ 

(b) For x£M<SiA, mGM and y either in M (S> A or in M , we have 

(3.60) {mx)xy = (e^ ^^m^xxy , xx{rny) = {xxm)y + m{xxy) ■ 

(c) We have the following identity for x,y,z^M® A: 

(3.61) xx[y^,z\Q = [{xxy)\+i,z\Q + [yi,{xxz)]o . 

(d) We have the following identity for x,y M ^ A and z either in M or in M ^ A: 

(3.62) xxiyi^z) - ytiixxz) = [xxy]x+fj.z . 
Proof. We have 

{d{m a))x{n (^b) = {e^"^^ {8^' - X)m) {axu) ® b . 

The first sesquihnearity condition fohows from the obvious identity e'^'^'^^{d^^ — A) = —Xe'^'^'^^. 
The second sesquihnearity condition can be proved in a similar way. This proves part (a). Part 
(b) is immediate. For part (c) and (d), let x = a ® m, y = b n, z = c ® p gA® M. We have 

(3.63) xx[y^z]o = (e^^'^^m) {ax{e'^"^^n)p) [b^c] , 
Similarly, 

(3.64) [{xxy)uz]o = (e^''^" {e^"^^m) {axn)^p <g) [b,c] . 
Hence, if we put v = X + fj,, the RHS becomes 

(3.65) (e^"^^m) {e^"^^{axn))p ® [bx+f,c] = {e^"^'m) {ax{e^"^^n))p ® [b^c] , 
where we used the sesquilinearity of the A-bracket on A. Furthermore, we have 

(3.66) [y,.ixxz)]o = (e^^'^'^n) {e^"^^m) (axp) ^ [b^c] . 
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Combining equations (j3.63p . (|3.65p and (|3.66p . we immediately get ()3.6ip . thanks to the as- 
sumption that the A-action of A on M is a derivation of the commutative associative product 
on M. We are left to prove part (d). We have 

(3.67) = (e^^^^m) (e^"^"n)aA(6^p) + {e^"^^m) {e^"^^{axn)){bx+^,p) . 

For the second equality, we used the Leibniz rule and the sesquilinearity condition for the 
A-action of A on M. Exchanging x with y and A with /i, we have 

(3.68) y,{xxp) = (e^"^^m) (e^"^''n)6^(a,p) + (e^^^-n) (e^"^M&M"^)) («a+mP) • 
By similar computations, we get 

(3.69) {xxy)x+^.z = {e9"9-m){e^"9^{axn)){bx+^p) , 
and 

(3.70) (y_A-9x)A+^P = {e^"^^n) {e^''^'{b^m)) {ax+^,p) . 
Finally, it follows by a straightforward computation that 

(3.71) [xxy]ox+t.z = (e^"^^m) (e^"^-n) [axb]x+,,p . 

Equation (K62\i is obtained combining equations i^W} . i^m\i . i^77U\i and (I377TD . □ 

Proposition 3.21. (a) The X-bracket (j3.54p defines a Lie conformal algebra structure on the 
¥[d]-module M (g> A. 

(b) The X-action (|3.53p defines a structure of a M ® A-module on M . 

(c) The pair {M ® A^M) is a Lie conformal algebroid. 

(d) We have a homomorphism of Lie conformal algebroids (M <^A,M) — > (Cder(M),M), 
given by the identity map on M and the following Lie conformal algebra homomorphism 
from M (g)A to Cder(M).- 

m ^ a ^ ye ^mjax ■ 

Proof. It immediately follows from Lemma 13.191 and Lemma 13.20( a) that the A-bracket (j3.58p 
satisfies sesquilinearity and skew-symmetry. Furthermore, the Jacobi identity for the A-bracket 
(|3.54p follows from Lemma [3 . 1 9 1 and equations (|3.6ip and (j3.62p . This proves part (a). Part (b) 
is Lemma [3.59( c). in the case z £ M. For part (c) we need to check conditions LI., L2. and L3. 
The first two conditions are immediate. The last one follows from equations (j3.56p and (j3.60p . 
Finally, part (d) is straightforward and is left to the reader. □ 
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3.8 The Lie algera structure on IICi and the IlCi-structure on the complex (C, d). 

Recall that the space of 1-chains of the complex {C*,d) is Ci = {A M)/d{A (S) M) with odd 
parity. We want to define a Lie algebra structure on IICi, where, as usual, 11 denotes parity 
reversing, making C* into a IlCi-complex. By Proposition l3.2lT a). we have a Lie conformal 
algebra structure on M (8) A. Hence, if we identify M ® A with A® M hy exchanging the two 
factors, we get a structure of a Lie algebra on the quotient space {A ® M)/d{A M), induced 
by the A-bracket at A = [K]. 

Explicitly, we get the following well-defined Lie algebra bracket on IICi = {A® M)/d{A (g) 
M): 

(3.72) [a (8) m, 6 (g) n] = [agKih]^ ® mn + h ® (^aQMU^ — a ® {pQAirn) , 

where in the RHS, as usual, the right arrow means that d^'^ should be moved to the right, and 
in the first summand denotes 9*^ acting only on the first factor m. 

Recall from Section [Ml that Fi = {A(^ M[[x\]) / [d + d^){A® M[[x\]), and Li = G 
Li I 3.^ = O}, where the action of d on Fi is given by (j3.15p . Under this identification, the map 
Xi : Ci ^ Fi defined by (|33i]) and (1335]) is given by 

(3.73) xi{a®rn) = a^e^^^'m. 

Proposition 3.22. The map xi '• Ci ^ Ti is a Lie algebra homomorphism, which factors 
through a Lie algebra isomorphism xi '■ Ci ^Ti, provided that A decomposes as in ()1.14p . 

Proof. We have, by (fM]) and IKTM that 

(3.74) xi{[a®m,b®n\) 

= [aQMb]^ (g) (e^^"m) [e''^'" n) + b ® e"^^^' {{aQMn)^m) - a ® e"^^^' {(pQunij^n) . 

Recalling formula (j3.2ip for the Lie bracket on Fi, we have 

(3.75) [xi(a(g)m),xi(6®n)]) 

= [aa b] (g) (e^'i^^m) [e''^^' n) + 6 (g) (m(a;i), ax^n{x)) - a (g) {n{xi), bx^m{x)) . 

Xl=X 

Clearly, the first term in the RHS of (j3.74p is the same as the first term in the RHS of (j3.75p . 
Recalling the definition (I3.18P of the pairing ( , ) , and using the sesquilinearity of the A-action 
of ^ on M, we have that the second term in the RHS of (j3.74p is the same as the second 
term in the RHS of (I3.75p . and similarly for the third terms. The last statement follows from 
Proposition 13.121 □ 

Proposition 3.23. The cohomoloy complex {C',d) has a IlCi-structure (p : HCi EndC*, 

given by ip{drj) = d, (p{r]x) = Lx, '^{x) = L^ = [d,Lx\- Moreover, {C',d) is a UCi-subcomplex. 

Proof. Due to Remark l3.ll and Proposition 13.141 we only need to check that, for x,y G HCi, 
we have 



(3.76) [Lx,iy 



'[^,y] 
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This follows from a long but straightforward computation, using the explicit formulas (jl.4p and 
()3.47p for the differential and the contraction operators. It is left to the reader. 

Notice though that, in the special case when A decomposes as in (jl.l4p . equation (j3.76p 
is a corollary of Proposition 13.81 Theorem 11.51 and Theorem 13.151 for h = 1. Indeed, due 
to these results, it suffices to check that both sides of ()3.76p coincide when acting on = 
Rom^g]{A,M). In the latter case, using equations ([Ol), dLl]), (fOHj) . ([3311), (IHIiHIl and (f372]) . 
we have, for c £ C^, 

La<s,mii-b(^nc) = f c{b) {aQAin) + fn{aQMc{b))_^m, 
i-b(^n{La(^mc) = Jn{aQM c{b)) + J c{a) {bgAi m) - Jnc{[aQMb]) _^'m , 
i'[a(X)m,bm]C = fnc{[agMb])^m + fc{b){agMn)^m- fc{a){bQMm)^n. 

It follows that (|3.76p holds when applied to elements of C^. □ 

The above results imply the following 

Theorem 3.24. The maps tp' : T* — > C" C C* andxi '■ C*! ^ Ti define a homomorphism of q- 
complexes. Provided that A decomposes as in ()1.14p . we obtain an isomorphism ofUCi ~ nPi- 
complexes ip' : T' ^ C*. 

Proof. It follows from Theorem ll.51 Proposition 13.12] Theorem 13 . 1 5 1 and Proposition 13.221 □ 

3.9 Pairings between 1-chains and 1-cochains. Recall that P*^ = M. Hence, the con- 
traction operators of 1-chains, restricted to the space of 1-cochains, define a natural pairing 
Pi X P^ — > M, which, to ^ S Pi and 7 G P^, associates 

(3.77) = rilxia)) e M , 

where a (8) </> € ^ Hom(F[A], M) is a representative of ^. 

When we consider the reduced spaces, we have P° = M/dM, and the above map induces a 
natural pairing Pi x P^ — > M/dM, which, to G Pi and 7 G P^, associates 

(3.78) i^^ = jn^xia)) e M/dM , 

where again a ® p & A Hom(F[A], M) is a representative of ^, and 7 S P^ is a representative 
of 7. 

A similar pairing can be defined for 1-chains in Ci and 1-cochains in C^. Recall that = 
M/dM, is the space of F[5]-module homomorphisms c : A^ M, and Ci = A®M/d{A®M). 
The corresponding pairing Ci X ^ M/dM, is obtained as follows. To x G Ci and c G C^, 
we associate, recalling (I3.4ip . 

(3.79) Lccic) = Jm- c(a) G M/dM , 

where a^^^iGA^Misa representative of x. 

Recalling Theorems I1.5l and l3.151 the above pairings (I3.78|) and (I3.79P are compatible in the 
sense that tx{c) = (-^(7), provided that 7 G P^ and c £ are related by c = ip^ij), and ^ G Pi 
and X £ Ci are related by ^ = Xii^)- 
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3.10 Contraction by a 1-chain as an odd derivation of F*. Recall that, if the ^-module 
M has a commutative associative product, and d^^ and are even derivations of it, then the 
basic cohomology complex T* is a Z-graded commutative associative superalgebra with respect 
to the exterior product (jl.26p . and the differential 5 is an odd derivation of degree +1. 

Proposition 3.25. The contraction operator i^, associated to a 1-chain ^ € Fi, is an odd 
derivation of the superalgebra F* of degree -1. 

Proof. Let ai (8) (p, with ai € A and cf) £ Hom(F[Ai], M), be a representative of ^ € Fi. By the 
definition (jl.26p of the exterior product, we have 

(^^(5 A/3))A2,..,A;,+fc(a2,--- ,ah+k)= Yl ^^^Mkf Mh) , • • • ,aa{h))^ 

(3-80) PK(h+l),- ,K(h+k)(0-^{h+l), ■ ■ ■ ,«a(/i+fc))) • 

By the skew-symmetry condition A2. for a and /3, we can rewrite the RHS of (j3.80p as 

«=1 a I a{ij = l ^ ' ^ ' 

(3-81) ^I^Kih+i)'- Mh+k)(0'aih+i), ■ ■ ■ ,aaih+k)) 

h+k . I s 

Ev-^ signfcj) , .,,„f,,i_ , , 

E "A,(i),-,A.(.)K(1)'--- X 

i=h+\a\a{i) = \ 

By Lemma [1.7| the set of all permutations a G Sh+k such that cr(i) = 1, is naturally in bijection 
with the set of all permutations r of {2, . . . , /i + fc}, and the correspondence between the signs 
is sign(T) = (— l)*"''^sign((T). Hence, p.8ip can be rewritten as 

E ^ (^(''«")A,(2),-,A,(,,)(ar(2)>-- • ,ar(h))^A,(fc+i),-,A,(h+fe)(ar(h+l), • " " ,«T{h+fc)) 

r 

+A:(-1)''5a,(2),... ,A,(fc+i)(ar(2), • • • , a^(h+i))(/-5/3)A,(ft+2),- ,A,(„+fe) (ar(h+2), ■ ■ ■ , ar(fc+fc))) 
= (6^(5) A/3)A2,...,Afc+fe(a2,--- ,a/j+fc) + (-!)'' (5 Ai5(/3))A2,...,A„+fe(o2,-- - ,ah,+fc)- 

□ 

Remark 3.26. One can show that the g-structure of all our complexes F', F* and C* can be 
extended to a structure of a calculus algebra, as defined in |DTTj . Namely, one can extend 
the Lie algebra bracket from the space of 1-chains to the whole space of chains (with reverse 
parity), and define there a commutative superalgebra structure, which extends our g-structure 
and satisfies all the properties of a calculus algebra. 
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4 The complex of variational calculus as a Lie conformal algebra cohomology 
complex 

4.1 Algebras of differentiable functions. An algebra of dijferentiable functions V in the 
variables indexed by a finite set / = {!,...,£}, is, by definition, a differential algebra 
(i.e. a unital commutative associative algebra with a derivation d), endowed with commuting 

derivations ■ V ^ V, for alH € / and n £ Z+, such that, given / € V, —^f = for all 

du- dul 

but finitely many i € / and n € Z+, and the following commutation rules with d hold: 



(4.1) 



du 



in)' 



d 



du 



(n-l) 



where the RHS is considered to be zero if n = 0. As in the previous sections, we denote by 
/ I— > J" / the canonical quotient map V V /dV. 

Denote by C C V the subspace of constant functions, i.e. 

df 

(4.2) C = {/G V|^ = OViG/, neZ+}. 



du. 



It follows from (j4.ip by downward induction that 

(4.3) Ker {d) d C . 

Also, clearly, dC <Z C. 

Typical examples of algebras of differentiable functions are: the ring of polynomials 

(4.4) = ¥[uf'^\i(^ I,n£ Z+] , 

where d{u^-^^) = u\"'~^^\ any localization of it by some multiplicative subset S C R, such as the 
whole field of fractions Q = F(u^"^ \i G I,n € Z+), or any algebraic extension of the algebra 
R or of the field Q obtained by adding a solution of certain polynomial equation. In all these 

examples the action oi d : V — > V is given hy d = ^1"^^^ — Another example 

in) 

of an algebra of differentiable functions is the ring R£[x] = F[x,u- \i G I,n S where 



d sr^ („+i) d 



u 



dx ^ * p),,in)' 

i<^I,n£Z+ '^"j 

The variational derivative ^ : V — > V®^ is defined by 

(4.5) ^ := V(-a)«^. 

It follows immediately from (|4.ip that 

(4.6) 7^(5/) = 0, 



for every i £ / and / G V, namely, dV C Ker 4-. 



5ui 

Su ' 
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A vector field is, by definition, a derivation of V of the form 



(4.7) ^= E ^--Tl^' 

ieI,n£Z+ ^^i 

We let be the Lie algebra of all vector fields. The subalgebra of evolutionary vector fields 
is 0^ C 0, consisting of the vector fields commuting with d. By ()4.ip . a vector field X is 
evolutionary if and only if it has the form 

(4.8) Xp= (^"^*)^' where P = (P,),e/ G 

i£l,n£l+ 9u- 



4.2 Normal algebras of differentiable functions. Let V be an algebra of differentiable 
functions in the variables Ui, i £ I = {1, . . . ,£}. For i G I and n S we let 

df 



(4.9) Vn,i ■= |/ € V — ^ = if {m,j) > {n,i) in lexicographic order | . 

We also let Vn,o = ^n-i,e- 



A natural assumption on V is to contain elements u\^\ for i G I,n £ Z+, such that 

(4.10) -1^ = ^V^mn. 

du) 

Clearly, such elements are uniquely defined up to adding constant functions. Moreover, choosing 
these constants appropriately, we can assume that du^"'^ = uf^~^^\ Thus, under this assumption 
V is an algebra of differentiable functions extension of the algebra Ri in (j4.4p . 

Lemma 4.1. Let V be an algebra of differentiable functions extension of the algebra Ri. Then: 

(a) We have d = dfi + d' , where 



(4.11) 9r= Yl 



u, 



(n+l) 



d 



I ^ (n) 



and d' is a derivation ofV which commutes with all — tttt and which vanishes on Re C V. 



a 

WHICH CUIIllllUbCS WLLIt Ull 

! ' particular, d'VnA C VnA- 

(b) If f £ Vn,i\^n,i~i, then df € Vn+i,i\V„+i,i_i, and it has the form 

(4.12) df = Yhj4^'^+r, 

where hj E Vn,i for all j < i, r £ Vn,i, and hi ^ 0. 

(c) For f£V,Jfg = for every g £ V if and only if f = 0. 



45 



Proof. Part (a) is clear. By part (a), we have that df is as in (|4.12p . where hj = — ^nrr ^ "l^ni? 

and r = Y,j(^i,rn<n'^T^ p. (rI-1) + d'f G V„,j. We are left to prove part (c). Suppose / 7^ is 
such that Jfg = for every g £ V. By taking g = 1, we have that / G dV. Hence / has the 
form (|4.12p for some i £ I and n G Z_|_. But then u\^~^^^ f does not have this form, so that 
/nJ^+^V / 0. □ 

,C«) . 



Definition 4.2. The algebra of differentiable functions V is called normal if — T^iVni) = '^ni 

for all i G /, n G Z+. Given / G Vn,i, we denote by J du['^^ f G Vn,i a preimage of / under the 
map — This integral is defined up to adding elements from Vni-i- 

Proposition 4.3. Any normal algebra of differentiable functions V is an extension of Rg. 

Proof. As pointed out above, we need to find elements u^"^ G V, for i G I,n G such that 
(|4.10p holds. By the normality assumption, there exists G Vn,i such that = 1- Note that 

rr^/Sr = ^iV = O' l^^nce G Vn,i-i- if we then replace < by < = < - 

we have that — 7^ = 1 and — A- = 0. Proceeding by downward induction, we obtained the 



i-1 



desired element □ 

Clearly, the algebra is normal. Moreover, any extension V of Ri can be further ex- 
tended to a normal algebra, by adding missing integrals. For example, the localization of 
Ri = F[u(") I n G Z+] by u is not a normal algebra, since it doesn't contain Note that 

any differential algebra {A, d) can be viewed as a trivial algebra of differentiable functions with 
= 0. Such an algebra does not contain Ri, hence it is not normal. 

4.3 The complex of variational calculus. Let V be an algebra of differentiable functions. 
The basic de Rham complex 0* = ^}'{V) is defined as the free commutative superalgebra over 

(n) ~ 

V with odd generators 5u- ,i G I,n G In other words Q* consists of finite sums of the 
form 

(4.13) 5= Yi c■■^'=<^^^^^A•••A<5^^^^ c^^v, 

and it has a (super)commutative product given by the wedge product A. We have a natural 
Z_|_-grading 17* = ^^g^^ defined by saying that elements in V have degree 0, while the 

generators Su^^'^ have degree 1. Hence is a free module over V with basis given by the 

elements (5u-™^^ A • • • A 6u[^''\ with (mi, ii) > • • • > (m^, ik) (with respect to the lexicographic 

order). In particular 0*^ = V and 0^ = ©jg/ „gz+ "'^^^i"^ • Notice that there is a natural V- 

linear pairing x g — > V defined on generators by {pu[^\ ) = Sij6m,n, and extended to 

r^-*^ X g by V-bilinearity. 
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We let 6 be an odd derivation of degree 1 of 17", such that 6f = nez+ Q^(n) '^'"l"^ 



/ G V, and (^(^ti^- ) = 0. It is immediate to check that 6^ = and that, for u; G 0^ as in (|4.13p . 
we have 



8f 

(4.14) 5(5) = Yl ^ H^r^ A • • • A Jtx 



(n) J n «fc 



For X € we define the contraction operator lx '■ 0,* ^ 0,*, as an odd derivation of 0,* of 
degree -1, such that ixif) = for / G V, and Lxi^u'f'^) = X{u'f'^). If X G g is as in (gZ]) and 
a; G is as in (|4.13p . we have 

(4.15) .x(5) = ^ K^^A A<5nf • 
In particular, for / G V we have 

(4.16) LxiSf) = X{f). 

It is easy to check that the operators tx, X G 0, form an abelian (purely odd) subalgebra of 
the Lie superalgebra DerO*, namely 

(4.17) [iX,I^Y] = ° l-Y + l-Y o I^X = ■ 

The Lie derivative Lx along X G is defined as a degree derivation of the superalgebra 
Q*, commuting with 6, and such that 

(4.18) Lx{f) = X{f) for fen'. 
One easily check (on generators) Cartan's formula (cf. (j3.1|) ): 

(4.19) Lx = [6,Lx]=6oLx + ixoS. 
We next prove the following: 

(4.20) [1'X,Ly] = ix o Ly - Ly o lx = i[x,Y] ■ 

It is clear by degree considerations that both sides of (j4.20p act as zero on 

= y Moreover, it 

follows by (mSD that [6x,Ly](<5/) = lxSlySJ - lySlxS/ = X{Y{f)) -Y{Xif)) = [X,Y]if) = 
i[x,y](<5/) for every / G V. Equation (j4.20p then follows by the fact that both sides are even 
derivations of the wedge product in $7. Finally, as immediate consequence of equation (j4.20p . 
we get that 

(4.21) [Lx,Ly] = Lx o Ly - Ly o Lx = • 
Thus, 0,' is a 0-complex, g acting on W by derivations. 
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Note that the action of 9 on V extends to a degree derivation of Q*, such that 

(4.22) diduP) = , i£l,n£Z+. 

This derivation commutes with 6, hence we can consider the corresponding reduced de Rham 
complex Q' = W{V), usually called the complex of variational calculus: 

with the induced action of 6. With an abuse of notation, we denote by 6 and, for X € g^, 
by ix, Lx, the maps induced on the quotient space $7'^ by the corresponding maps on Q^. 
Obviously, Q' is a g^-complex. 

4.4 Isomorphism of the cohomology g^-complexes ft' and F*. 

Proposition 4.4. Let V be an algebra of differentiable functions. Consider the Lie conformal 
algebra A = ©jg/F[(9]nj with the zero X-bracket. Then V is a module over the Lie conformal 
algebra A, with the X-action given by 

(4.23) -^a/=E^"7^- 

Moreover, the X-action of A on V is by derivations of the associative product in V. 

Proof. The fact that V is an A-module follows from the definition of an algebra of differentiable 
functions. The second statement is clear as well. □ 

Let r* = T*{A,V) and T* = r*(^,V) be the basic and reduced Lie conformal algebra 
cohomology complexes for the A-module V, defined in Proposition 14.41 Thus, to every algebra 
of differentiable functions V we can associate two apparently unrelated types of cohomology 
complexes: the basic and reduced de Rham cohomology complexes, r2*(V) and 17* (V), defined 
in Section [4. 3^ and the basic and reduced Lie coformal algebra cohomology complexes r*(^, V) 
and T*(A,V), defined in Section fl.ll for the Lie conformal algebra A = ©jg/ Uj, with the 
zero A-bracket, acting on V, with the A-action given by (j4.23p . We are going to prove that, in 
fact, these complexes are isomorphic, and all the related structures (such as exterior products, 
contraction operators. Lie derivatives,...) correspond via this isomorphism. 

We denote, as in Section [3^21 by L, = r,(A, V) (resp. F, = T,{A,V)) the basic (resp. 
reduced) space of chains of A with coefficients in V. Recall from Secton 13.41 that HFi is 
identified with the space {A (g) V[[x]])/ (5 1 + 1 dx){A (g) V[[2;]]), and it carries a Lie algebra 
structure given by the Lie bracket (I3.2ip . which in this case takes the form, for i,j G L and 

Pi^) = E™gZ+ ^.PmX"^^ Qi^) = Ena+ ^QnX" € V[[x]]: 

(4.24) [Ui (g) P{x),Uj (g Q{x)] = -Ui® Qn^^^ + Uj(^ ^ ^rn^^^ ■ 

neZ+ meZ+ ^'"'i 

Moreover, d acts on Fi by (j3.15p . Its kernel FlFi consists of elements of the form 

(4.25) Yui(^ e^'^Pi , where Pi G V , 

i&I 
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and it is a Lie subalgebra of nPi. We also denote, as in Section WA\ by g the Lie algebra of all 
vector fields (14. 7p acting on V, and by C g the Lie subalgebra of evolutionary vector fields 



Proposition 4.5. The map : UTi — g, which maps 

(4.26) ^ = yu,0P,{x)= y -Ui e Fi , 

to 

is a Lie algebra isomorphism. Moreover, the image of the space of reduced 1-chains via $i 
is the space of evolutionary vector fields. Hence we have the induced Lie algebra isomorphism 

$1 : nri ^ g^. 

Proof. Clearly, is a bijective map, and, by ()4.25p . <l>i(ri) = g^. Hence we only need to check 
$1 is a Lie algebra homomorphism. This is immediate from equation (j4.24p . □ 

Theorem 4.6. The map ^' : T' ^ Q*, such that <I)° = I|v and, for A; > 1, <I>^ : F'"' O^' is 
given by 

(4.28) $^(7) = 1 E f" ^^t^ ^ • • • A ^^t'^ ' 

where f^^'i^'' € V is the coefficient of X^^ ■ ■ ■ A™*" in 7Ai,...,Afe(^^ji) • • • i^^ifc); 'is an isomorphism 
of superalgebras, and an isomorphism of Q- complexes, (once we identify the Lie algebras g and 
UTi via $1, as in Proposition \4-5^ - 

Moreover, <I>* commutes with the action of d, hence it induces an isomorphism of the cor- 
responding reduced -complexes: : F* — > fi*. 

Proof. Notice that since, by assumption, / is a finite index set, the RHS of (j4.28p is a finite 
sum, so that <I>'''(F*^) C O'^. By the sesquilinearity and skew-symmetry conditions Al. and 
A2. in Section [l.ll elements 7 S F'"' are uniquely determined by the collection of polynomials 
7Ai,-,Afe(«ii, • • • = Em.GZ+ fh^-ir'^K^ • ■ ■ which are skew-symmetric with respect 

to simultaneous permutation of the variables and the indices ir- We want to check that 
is a bijective linear map from F'^ to O'^. In fact, denote by : fj'^ — > F'^ the linear map which 
to oj as in (I4.13P associates the /c-cochain "^^{uj), such that 

M/'=(i5)A„...,A,(n,,...,u.j= E (/c:r A- • • • Ar , 

where (/) denotes the skew-symmetrization of /: 
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and ^''^(ci;) is extended to A^^ by the sesquilinearity condition Al. It is straightforward to 
check that ^''^(5) is indeed a /c-cochain, and that the maps and are inverse to each other. 
This proves that ^' is a bijective map. 

Next, let us prove that is an associative superalgebra homomorphism. Let 5 G F'', /? G F'^ 
and let q,™1''" be the coefficient of A*,"^ • • • XT^^ in a\, ... \, (ui, , • • • , Uj, ), and let Z?"^' be 

the coefficient of A"^ • • • X^'' in (3x,,.. (uj, , • • • , J. By (fr26|) . the coefficient of A™^ • • • X'^^+'' 

in (5A/3)Ai,..,A^+fe(^^iir- - ,?^ih+J is 



E sign((7) m^(i),--- ,m.CT(h) ^m<T(h+l),--- ,m<T(h+fe) 



The identity $^+'' (5 A /?) = <^^{a) A ^>*''(/3) follows by the definition (fOSl) of 

Let 7 € r'^, and denote by G V the coefficient of A™^ • • • A^*" in 7Ai,...,Afc (^iii, ■ ■ ■ 

We want to prove that <I>^'^^((57) = (5<I>^'(7). By assumption, the A-bracket on A is zero, and the 
A-action of ^ on V is given by (|4.23p . Hence, recalhng (jl.ip . the coefficient of A™^ • • • A^j^^ in 

('^7)Ai,.-,Afe+i(^n'' 



fc+1 of , 

E/i \r+l h-'-ik+i 



r=l 



It follows that 



9 



fc+1 O*/ q 



(fc + 1)! ^ ' 



fc! ^ ° 

thus proving the claim. 

Similarly, the coefficient of Af ^ • • • A™'' in {dj)x-^,- ,Afc (uii ,UiJ is d^^ fl^}.'.^^'' 

+ E!:=lC.^^"'■■■'"^«o that 



k 

+C™ E ^^Sr^^ A ... A 5nl™^+^) A ... A 5nf = 5cl>'=(7) . 



9=1 

This proves that is compatible with the action of d. 

Finally, we prove that is compatible with the contraction operators. Let 7 G F*^ be as in 
the statement of the theorem, and let ^ G Fi be as in (j4.26p . By equation (j3.19p . we have the 
following formula for the contraction operator z,^, 

(''57)A2,-,Afc(Wi2,... ,MiJ = E (^ii(a^l)>7Ai,A2,-,Afc(^in,^ii2>-- - .""ij)- 
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where (, ) denotes the contraction of xi with Ai defined in (j3.18p . Hence, the coefficient of 



It follows that 



yHy^ ) ) - (^J^ _ Al,mi/i,i2...ij^ OU-^ A AOn.^ , 

which, recalling (j4.15p and (|4.27p . is the same as t$j(^)(<I>^(7)). This completes the proof of the 
theorem. □ 



4.5 An explicit construction of the g^-complex of variational calculus. Let V be 

an algebra of differentiable functions in the variables {ui}i£i, let A = ©jg/IF[i9]ui be the 
free F[9]-module of rank i, considered as a Lie conformal algebra with the zero A-bracket, 
and consider the ^-module structure on V, with the A-action given by (j4.23p . By Theorem 
14.61 the 0^-complex of variational calculus r2*(V) is isomorphic to the HFi-complex T*(A,V). 
Furthermore, due to Theorems 11.51 and 13.151 the XIFi-complex T{A, V) is isomorphic to the 
nCi-complex C*{A,V) = 0fcgz^ C'', which is explicitly described in Sections 11.31 and 1 3.61 

In this section we use this isomorphism to describe explicitly the IICi ~ g^-complex of 
variational calculus C*{A,V) — 0*(V), both in terms of "poly-symbols", and in terms of skew- 
symmetric "poly-differential operators" . We shall identify these two complexes via this isomor- 
phism. 

We start by describing all vector spaces and the maps d : ^ k € First, 

we have 

(4.29) 0° = V/dV. 

Next, 0^ = IIom]p'[a](^, V), hence we have a canonical identification 

(4.30) = V®^ . 

Comparing p.3p and (I4.23p . we see that d : —> is given by the variational derivative: 

(4.31) = 

For arbitrary A; > 1, the space Q'' can be identified with the space of k-symbols in Ui, i € I. 
By definition, a /c-symbol is a collection of expressions of the form 

(4.32) {^^nAi^i2A2 ■ ■ -^ifc-iAfe^i^^J e I^I-^i'-'-'-^fc-i]®"^' 
where ii, . . . ,ik € /, satisfying the following skew-symmetry property: 

(4.33) {ui,^u^,^^---Ui^_^^^_Ui^} =sign{a){u^^^^^^^^^^---u^^^^_^^^^^^^ 
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for every permutation a & Sk, where Xk is replaced, if it occurs in the RHS, by = — J2'j=i -^j ~ 
d, with d acting from the left. Clearly, by sesquilinearity, for k > 1, the space Q,^ = of 
/c-A-brackets is one-to-one correspondence with the space of A:-symbols. 

For example, the space of 1-symbols is the same as V®^. A 2-symbol is a collection of 
elements {ui^uj^ € F[A] (8> V, for i,j € /, such that 

{uixUj} = -{uj_^_QUi] . 

A 3-symbol is a collection of elements \^UixUj ^u^} € F[A,/i] V, for i,j, k ^ I, such that 

and similarly for A; > 3. 

Comparing (jl.4p and (j4.23p we see that, if F € V®^, its differential dF corresponds to the 
following 2-symbol: 

(BP f)F \ 

nez+ du\ du) 

where Dp 'is the Frechet derivative defined by (j0.9p . More generally, the differential of a k- 
symbol for A; > 1 is given by the following formula: 



neZ+ s=l 



(4.35) +(-1)'= (-E^J-^)"tI^^*^a,---"^- - ^ 



Provided that V is an algebra of differentiable functions extension of Ri, an equivalent 
language is that of skew-symmetric poly-differential operators. By definition, a k- differential 
operator is an F-linear map S : (V^)'^ V /dV, of the form 



(4.36) S{P\ ■■■,P') = J E /n (^"^^D • • • 



k ' 

ni,--- ,nfcGZ+ 



The operator 5 is called skew-symmetric if 

I S{P\--- ,P'^) = sign(a) I S(P-(i),--- ,P-^'^), 
for every P^, • • • , G and every permutation a ^ Sk- Given a /c-symbol 

(4.37) {u^,X,■■■^^k-^X,.,^^.}= E C-r^l^l^ ' " " A::ri\ 

ni,...,nfe_iGZ+ 

where /"^'.. ^'"''"^ g V, we associate to it the following poly-differential operator: S : (V^)*^ 
V/dV, is' 

(4.38) S{P\ ■■■,P') = j E • • • id'^'-'PtDPt ' 
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Clearly, the skew-symmetry property of the /c-symbol is translated to the skew-symmetry of 
the poly-differential operator. Conversely, integrating by parts, any /c-differential operator can 
be written in the form (j4.38p . Thus we have a surjective map H form the space of fc-symbols 
to the space of skew-symmetric /c-differential operators. Provided that V is an algebra of 
differentiable functions extension of i?^, by Lemma 14.1( c). the /c-differential operator S can be 
written uniquely in the form M.SSh . Hence, the map H is an isomorphism. 

Note that the space of 1-differential operators S : V/dV can be canonically identified 

with the space $7^ = V®^. Explicitly, to the 1-differential operator S{P) = J XliG/ nez+ fi^^'^Pii 
we associate: 

(4.39) ( j;(-a)"/r)^ ^ G V®^ 



nG2 



We can write down the expression of the differential d : ^ ^^^^ in terms of poly- 
differential operators. First, \i F ^ Q} = V®^, the 2-differential operator corresponding to 
dF € il^ is obtained by looking at equation ()4.34p : 

(4.40) dF{P,Q) = l'Y,{QiXp{Fi)-P^XQiF,)) = j {QiDpidh^Pj - P^DF{^)iJQj) , 

where Xp denotes the evolutionary vector field associated to P G V^, defined in (j4.8p . and Dp{d) 
is the Frechet derivative (10. 9p . Next, if S : (V^)^ — > V/dV is a skew-symmetric /c-differential 
operator, its differential dS, obtained by looking at ()4.35p . is the following k + 1-differential 
operator: 

k+l 

(4.41) dS{P\--- ,P^+^) = Y,i-'^y^H^P^S){P\-'--,P''+^). 

s=l 

In the above formula, if S is as in ()4.36p . XpS denotes the /c-differential operator obtained from 
S by replacing the coefficients j'"*" by Xp(/J^\'.'.' ,•"''). 

Remark 4.7. For A; > 2, a /c-differential operator can also be understood as a map S : (V^)^~^ 
V®^ of the following form: 

(4.42) S{P\ • • • ,P^-i)., = fZ''-I1^k(^'PD ■ ■ ■ (d'^'-'Ptl) ■ 

This corresponds to the fc-symbol (|4.37p in the obvious way. With this notation, the differential 
dS is the following map (V^)^ V®^: 

k 

(4.43) dS{P\--- ,P% = Y,i-'^r^HXpsS){P\-^-;P% 



s=l 

dS 



+(-1)'= E (-9r[p'-^ip'^---^p n 
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Recall that the Lie algebra ~ IICi is identified with the space via the map P i— > Xp, 
defined in ()4.8p . Given P € V^, we want to describe explicitly the action of the corresponding 
contraction operator ip and the Lie derivative Lp = [d,ip]. First, for F € V®^ = Q^, we have 

(cf. ^M)- 

(4.44) ip{F) = fYl PiF, G V/dV = 0° . 

Next, the contraction of a fc-symbol for A; > 2 is given by the following formula (cf. (|3.47p ): 
(4.45) 

^p({^nA, • • • n.,_,,^_^n.j)^^^ ^^^^^ = ( J] • • • n.,„,,^_^n.J^P,)^^^ ^^^^^ , 

where, as usual, the arrow in the RHS means that d is moved to the right. For k = 2, the above 
formula becomes 

(4.46) ip[{u^,u,})^ = {Y.{u,qU,}^P,) eV^' = nK 

We can write the above formulas in the language of poly-differential operators. For a k- 
differential operator S, we have 

(4.47) (6pi5)(p2,--- ,P^) = S{P\P^,--- ,P^)- 

For k = 2 ipiS is a 1-difFerential operator which, by (j4.39p . is the same as an element of 

Remark 4.8. Li the interpretation (j4.42p of a /c-differential operator, the action of the contrac- 
tion operator is given by 

{iprS){P\ • • • , P^"%, = S{P\P\ ■ ■ P^-%, . 

Next, we write the formula for the Lie derivative Lq : ^l^ ^ Q^, associated to Q G — g'^, 
using Cartan's formula Lq = [iQ,d]. Recalling (j4.3ip and (j4.44p . after integration by parts we 
obtain, for // G 0° = V/dV: 

(4.48) LQiJf) = JXQif), 

where Xq is the evolutionary vector field corresponding to Q (cf. ()4.8p ). Similarly, recalling 
(Oil) and ([M]) . we obtain, for F e = V®^: 

digiF) = DpidyQ + DgidrF, 
iQd{F) = DF{d)Q - DpidyQ , 

where Dp^d) denotes the Frechet derivative (j0.9p . and Dp^d)* is the adjoint differential oper- 
ator. Putting the above formulas together, we get: 

(4.49) LqF = Dp{d)Q + DQidfF . 
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For k > 2, Lq acts on a A;-symbol in by the following formula, which can be derived from 
(f05]) and g35]): 

fe-i ^ 

+ (-1)''+^ J^KAt+9^nAi • ■ ■«*fe-2A,_2^«fe-i}-^0(^I)i4 ■ 

In the RHS the evolutionary vector field Xq is applied to the coefficients of the fc-symbol, in the 
last two terms the arrow means, as usual, that we move d to the right, Dq{X) denotes the Frechet 
derivative (|0.9p considered as a polynomial in A, and, in the last term, Xj, = — Ai — • • • — Xk-i — d, 
where d is moved to the left. This formula takes a much nicer form in the language of k- 
differential operators. Namely we have: 

k 

(4.50) {LqS){P\--- ,P^) = {XqS){P\--- ,P'') + ^S{P\--- ,XqP\... ,P^). 

s=l 

Here XqS has the same meaning as in equation (j4.41|) . This formula can be obtained from the 
previous one by integration by parts. 

4.6 An application to the classification of symplectic differential operators. Recall 
that C C V denotes the subspace (14. 2 h of constant functions. In |BDKj we prove the following: 

Theorem 4.9. IfV is normal, then H^{n*,d) = 6k,oC/{C n dV). 

Recall that a symplectic differential operator (cf. [D] and |BDKj ) is a skew-adjoint differen- 
tial operator S{d) = (^Sij{d)^. .^j : V®^, which is closed, namely the following condition 
holds (cf. gal): ''^ 

(4.51) UixSkjifJ.) - Uj^Ski{X) - Uk_^__^__gSji{X) =0, 

where the A-action of Uj on V is defined by ()4.23|) . We have the following corollary of Theorem 

\m 

Corollary 4.10. If V is a normal algebra of differentiable functions, then any symplectic dif- 
ferential operator is of the form: SF{d) = Dp{d) — Dp{d)* , for some F € V®^. Moreover, 
Sp = Sg if and only if F — G = ^ for some / € V. 

A skew-symmetric /c-differential operator S : (V^)^ —>■ V/dV is called symplectic if it is 
closed, i.e. 

k+l 

Y^{-iy+^{Xp.s){p\-'--,p''+^) = 0. 

s=l 

The following corollary of Theorem l4.9l is a generalization of Cor ollarv 14 . 1 1 and uses Proposition 
Ol 
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Corollary 4.11. If V is a normal algebra of dijferentiable functions, then any symplectic k- 
differential operator, for k > 1, is of the form: 

k 

s{p\--- ,p^) = Y,{-^y^\xpsT){p\-'-;P^), 

s=l 

for some skew- symmetric k — 1- differential operator T . Moreover, T is defined up to adding a 
symplectic k — 1- differential operator. 

Remark 4.12. It follows from the proof of Theorem 14.91 that. Corollaries 14.101 and 14. iT] hold 
in any algebra of differentiable functions V, provided that we are allowed to take F and T 
respectively in an extension of V, obtained by adding finitely many integrals of elements of V 
(an integral of an element / G Vn,i is a preimage / du^^^ f of independent on ti^™^ with 

(m,j) > (n,i)). 

Remark 4.13. The map S defined in Section 14.51 mav have a non-zero kernel if V is not an 
extension of the algebra Re, but, of course, for any V the image of H is a g^-complex. The 0-th 
term of this complex is V/dV and the A;-th term, for A; > 1, is the space of skew-symmetric 
/c-differential operators S : (V^)'^ V/dV. 

Remark 4.14. Throughout this section we assumed that the number i of variables Uj is finite, 
but this assumption is not essential, and our arguments go through with minor modifications. 
This is the reason for distinguishing from V®^, in order to accommodate the case i = oo. 
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